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DYNAMIC INFERENCE IN PROBABILISTIC GRAPHICAL MODELS

WEIMING FENG, KUN HE, XIAOMING SUN, AND YITONG YIN

ABSTRACT. Probabilistic graphical models, such as Markov random fields (MRFs), are useful for describ-
ing high-dimensional distributions in terms of local dependence structures. The probabilistic inference is
a fundamental problem related to graphical models, and sampling is a main approach for the problem. In
this paper, we study probabilistic inference problems when the graphical model itself is changing dynam-
ically with time. Such dynamic inference problems arise naturally in today’s application, e.g. multivariate
time-series data analysis and practical learning procedures.

We give a dynamic algorithm for sampling-based probabilistic inferences in MRFs, where each dy-
namic update can change the underlying graph and all parameters of the MRF simultaneously, as long
as the total amount of changes is bounded. More precisely, suppose that the MRF has n variables and
polylogarithmic-bounded maximum degree, and N (n) independent samples are sufficient for the infer-
ence for a polynomial function N(-). Our algorithm dynamically maintains an answer to the inference
problem using O(nN(n)) space cost, and O(N(n)+n) incremental time cost upon each update to the MRF,
as long as the Dobrushin-Shlosman condition is satisfied by the MRFs. This well-known condition has
long been used for guaranteeing the efficiency of Markov chain Monte Carlo (MCMC) sampling in the
traditional static setting. Compared to the static case, which requires Q(nN(n)) time cost for redrawing
all N(n) samples whenever the MRF changes, our dynamic algorithm gives a Q(min{n, N(n)})-factor
speedup. Our approach relies on a novel dynamic sampling technique, which transforms local Markov
chains (ak.a. single-site dynamics) to dynamic sampling algorithms, and an “algorithmic Lipschitz” con-
dition that we establish for sampling from graphical models, namely, when the MRF changes by a small
difference, samples can be modified to reflect the new distribution, with cost proportional to the difference
on MRF.
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1. INTRODUCTION

The probabilistic graphical models provide a rich language for describing high-dimensional dis-
tributions in terms of the dependence structures between random variables. The Markov random filed
(MREF) is a basic graphical model that encodes pairwise interactions of complex systems. Given a graph
G = (V,E), each vertex v € V is associated with a function ¢, : Q — R, called the vertex potential, on
a finite domain Q = [q] of g spin states, and each edge e € E is associated with a symmetric function
de : Q% — R, called the edge potential, which describes a pairwise interaction. Together, these induce
a probability distribution y over all configurations o € QV:

H(o) < exp(H(0) =exp () oo+ ».  felouan)).

veV e={u,0}€E

This distribution y is known as the Gibbs distribution and H (o) is the Hamiltonian. It arises naturally
from various physical models, statistics or learning problems, and combinatorial problems in computer
science [MM09, KFB09].

The probabilistic inference is one of the most fundamental computational problems in graphical
model. Some basic inference problems ask to calculate the marginal distribution, conditional distri-
bution, or maximum-a-posteriori probabilities of one or several random variables [W]08]. Sampling
is perhaps the most widely used approach for probabilistic inference. Given a graphical model, inde-
pendent samples are drawn from the Gibbs distribution and certain statistics are computed using the
samples to give estimates for the inferred quantity. For most typical inference problems, such statistics
are easy to compute once the samples are given, for instance, for estimating the marginal distribution
on a variable subset S, the statistics is the frequency of each configuration in Q° among the samples,
thus the cost for inference is dominated by the cost for generating random samples [JVV86, SVV09].

The classic probabilistic inference assumes a static setting, where the input graphical model is fixed.
In today’s application, dynamically changing graphical models naturally arise in many scenarios. In
various practical algorithms for learning graphical models, e.g. the contrastive divergence algorithm
for learning the restricted Boltzmann machine [Hin12] and the iterative proportional fitting algorithm
for maximum likelihood estimation of graphical models [WJ08], the optimal model 7 * is obtained by
updating the parameters of the graphical model iteratively (usually by gradient descent), which gener-
ates a sequence of graphical models 73, 15, - - - , Ij1, with the goal that 7, is a good approximation of 7.
Also in the study of the multivariate time-series data, the dynamic Gaussian graphical models [CW07],
multiregression dynamic model [QS93], dynamic graphical model [FVY19], and dynamic chain graph
models [AQ*17], are all dynamically changing graphical models and have been used in a variety of
applications. Meanwhile, with the advent of Big Data, scalable machine learning systems need to deal
with continuously evolving graphical models (see e.g. [RKD*19] and [SWA09]).

The theoretical studies of probabilistic inference in dynamically changing graphical models are lack-
ing. In the aforementioned scenarios in practice, it is common that a sequence of graphical models is
presented with time, where any two consecutive graphical models can differ from each other in all
potentials but by a small total amount. Recomputing the inference problem from scratch at every time
when the graphical model is changed, can give the correct solution, but is very wasteful. A fundamental
question is whether probabilistic inference can be solved dynamically and efficiently.

In this paper, we study the problem of probabilistic inference in an MRF when the MRF itself is
changing dynamically with time. At each time, the whole graphical model, including all vertices and
edges as well as their potentials, are subject to changes. Such non-local updates are very general and
cover all applications mentioned above. The problem of dynamic inference then asks to maintain a
correct answer to the inference in a dynamically changing MRF with low incremental cost proportional
to the amount of changes made to the graphical model at each time.

1.1. Our results. We give a dynamic algorithm for sampling-based probabilistic inferences. Given
an MRF instance with n vertices, suppose that N(n) independent samples are sufficient to give an
approximate solution to the inference problem, where N : N* — N* is a polynomial function. We give
dynamic algorithms for general inference problems on dynamically changing MRF.
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Suppose that the current MRF has n vertices and polylogarithmic-bounded maximum degree, and
each update to the MRF may change the underlying graph and/or all vertex/edge potentials, as long
as the total amount of changes is bounded. Our algorithm maintains an approximate solution to the
inference with O(nN(n)) space cost, and with O(N(n) + n) incremental time cost upon each update,
assuming that the MRFs satisfy the Dobrushin-Shlosman condition [DS85a, DS85b, DS87]. The con-
dition has been widely used to imply the efficiency of Markov chain Monte Carlo (MCMC) sampling
(e.g. see [Hay06, DGJ08]). Compared to the static algorithm, which requires Q(nN(n)) time for re-
drawing all N(n) samples each time, our dynamic algorithm significantly improves the time cost with
an Q(min{n, N(n)})-factor speedup.

On specific models, the Dobrushin-Shlosman condition has been established in the literature, which
directly gives us following efficient dynamic inference algorithms, with O (nN(n)) space cost and
O (N(n) + n) time cost per update, on graphs with n vertices and maximum degree A = O(1):

e for Ising model with temperature f satisfying e 21# > 1 ﬁ, which is close to the uniqueness
threshold e 2/fel = 1 — %, beyond which the static versions of sampling or marginal inference
problem for anti-ferromagnetic Ising model is intractable [GSV16, GSV15];

o for hardcore model with fugacity A < ﬁ, which matches the best bound known for sam-
pling algorithm with near-linear running time on general graphs with bounded maximum de-
gree [Vig99, LV99, DG00];

o for proper g-coloring with g > 2A, which matches the best bound known for sampling algo-
rithm with near-linear running time on general graphs with bounded maximum degree [Jer95].

Our dynamic inference algorithm is based on a dynamic sampling algorithm, which efficiently main-
tains N (n) independent samples for the current MRF while the MRF is subject to changes. More specif-
ically, we give a dynamic version of the Gibbs sampling algorithm, a local Markov chain for sampling
from the Gibbs distribution that has been studied extensively. Our techniques are based on: (1) cou-
plings for dynamic instances of graphical models; and (2) dynamic data structures for representing
single-site Markov chains so that the couplings can be realized algorithmically in sub-linear time. Both
these techniques are of independent interest, and can be naturally extended to more general settings
with multi-body interactions.

Our results show that on dynamically changing graphical models, sampling-based probabilistic in-
ferences can be solved significantly faster than rerunning the static algorithm at each time. This has
practical significance in speeding up the iterative procedures for learning graphical models.

1.2. Related work. The problem of dynamic sampling from graphical models was introduced very
recently in [FVY19]. There, a dynamic sampling algorithm was given for graphical models with soft
constraints, and can only deal with local updates that change a single vertex or edge at each time. The
regimes for such dynamic sampling algorithm to be efficient are much more restrictive than the condi-
tions for the rapid mixing of Markov chains. Our algorithm greatly improves the regimes for efficient
dynamic sampling for the Ising and hardcore models in [FVY19], and for the first time, can handle
non-local updates that change all vertex/edge potentials simultaneously. Besides, the dynamic/online
sampling from log-concave distributions was also studied in [NR17, LMV19].

Another related topic is the dynamic graph problems, which ask to maintain a solution (e.g. span-
ners [FG19, NSWN17, WN17] or shortest paths [BC16, HKN16, HKN14]) while the input graph is dy-
namically changing. More recently, important progress has been made on dynamically maintaining
structures that are related to graph random walks, such as spectral sparsifier [DGGP19, ADK"16] or ef-
fective resistances [DGGP18, GHP18]. Instead of one particular solution, dynamic inference problems
ask to maintain an estimate of a statistics, such statistics comes from an exponential-sized probability
space described by a dynamically changing graphical model.

1.3. Organization of the paper. In Section 2, we formally introduce the dynamic inference problem.
In Section 3, we formally state the main results. Preliminaries are given in Section 4. In Section 5, we
outline our dynamic inference algorithm. In Section 6, we present the algorithms for dynamic Gibbs
sampling. The analyses of these dynamic sampling algorithms are given in Section 7. The proof of the
main theorem on dynamic inference is given in Section 8. The conclusion is given in Section 9.
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2. DYNAMIC INFERENCE PROBLEM

2.1. Markov random fields. An instance of Markov random field (MRF) is specified by a tuple 7 =
(V,E, Q,®), where G = (V,E) is an undirected simple graph; Q is a domain of g = |Q| spin states, for
some finite ¢ > 1; and ® = (¢,),evuE associates each v € V a vertex potential ¢, : Q — R and each
e € E an edge potential ¢, : Q°> — R, where ¢, is symmetric.

A configuration o € QV maps each vertex v € V to a spin state in Q, so that each vertex can be
interpreted as a variable. And the Hamiltonian of a configuration o € QV is defined as:

H(o) 2 ) go(0)+ D, $el0u o).

veV e={u,0}€E

This defines the Gibbs distribution j17, which is a probability distribution over Q" such that

VoeQ¥, ur(o)= %GXP(H(U)),

where the normalizing factor Z = 3 ;cov exp(H(0)) is called the partition function.

The Gibbs measure p(o) can be 0 as the functions ¢, ¢. can take the value —co. A configuration
o is called feasible if ji(c) > 0. To trivialize the problem of constructing a feasible configuration, we
further assume the following natural condition for the MRF instances considered in this paper:!

(1) Yo eV, Yoe Qe . Z exp (¢U(C) + Z Gup(oy, )| > 0.

ceQ uely,

where I (v) 2 {u € V | {u,v} € E} denotes the neighborhood of v in graph G = (V, E).
Some well studied typical MRFs include:

o Ising model: The domain of each spin is Q = {—1,+1}. Each edge e € E is associated with a
temperature B, € R; and each vertex v € V is associated with a local field h, € R. For each
configuration o € {-1,+1}V, p7 (o) o« exp (Z{u,v}eE Be0uoy + Ypey hooy).

e Hardcore model: The domain is Q = {0, 1}. Each configuration o € Q" indicates an independent
setin G = (V, E), and p7 (o) o A9l where A > 0 is the fugacity parameter.

e proper g-coloring: uniform distribution over all proper g-colorings of G = (V, E).

2.2. Probabilistic inference and sampling. In graphical models, the task of probabilistic inference
is to derive the probabilities regarding one or more random variables of the model. Abstractly, this is
described by a function 6 : 9% — RX that maps each graphical model 7 € I to a target K-dimensional
probability vector, where I is the class of graphical models containing the random variables we are
interested in and the K-dimensional vector describes the probabilities we want to derive. Given 6(-)
and an MRF instance 7 € I, the inference problem asks to estimate the probability vector 6(1).

Here are some fundamental inference problems [WJ08] for MRF instances. Let I = (V,E, Q, ®) be
an MRF instance and A, B C V two disjoint sets where Aw B C V.

e Marginal inference: estimate the marginal distribution p14 7 (-) of the variables in A, where

Voa € QY par(on) 2 Y pr(oao).

‘[EQV\A

e Posterior inference: given any 7 € QP, estimate the posterior distribution 4 7 (- | 75) for the
variables in A, where

HAUB, T (o4, 7B)

Vou € Q4 par(oals) 2
pp,1(78)

This condition guarantees that the marginal probabilities are always well-defined, and the problem of constructing a
feasible configuration o, where puy (o) > 0, is trivial. The condition holds for all MRFs with soft constraints, or with hard
constraints where there is a permissive spin, e.g. the hardcore model. For MRFs with truly repulsive hard constraints such
as proper g-coloring, the condition may translate to the condition g > A + 1 where A is the maximum degree of graph G,
which is necessary for the irreducibility of local Markov chains for g-colorings.
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o Maximum-a-posteriori (MAP) inference: find the maximum-a-posteriori (MAP) probabilities
P, ;(+) for the configurations over A, where

Vou € Q% P} /(o) 2 max paup 7 (o4, 78).
? ‘[BGQB

All these fundamental inference problems can be described abstractly by a function 6 : 0 — RX. For
instances, for marginal inference, 9t contains all MRF instances where A is a subset of the vertices,
K = |Q||A|, and 6(7) = (pa,1(04))s,e04; and for posterior or MAP inference, I contains all MRF

instances where A @ B is a subset of the vertices, K = |Q||A| and 0(7) = (pa,r(0a | 78))g,epn (for
posterior inference) or (1) = (P}, ;(04))s,e0a (for MAP inference).

One canonical approach for pro’babilistic inference is by sampling: sufficiently many independent
samples are drawn (approximately) from the Gibbs distribution of the MRF instance and an estimate of
the target probabilities is calculated from these samples. Given a probabilistic inference problem 6(-),
we use &g(+) to denote an estimating function that approximates 6(J) using independent samples
drawn approximately from py. For the aforementioned problems of marginal, posterior and MAP
inferences, such estimating function Eg(-) simply counts the frequency of the samples that satisfy
certain properties.

The sampling cost of an estimator is captured in two aspects: the number of samples it uses and the
accuracy of each individual sample it requires.

Definition 2.1 ((N, €)-estimator for ). Let 6 : M — RX be a probabilistic inference problem and
Eg(+) an estimating function for §(-) that for each instance I = (V, E, Q, ®) € I, maps samples in Q"
to an estimate of 0(7). Let N : N* — N* and ¢ : N* — (0, 1). For any instance I = (V,E, Q,®) € I
where n = |V|, the random variable Eg(XW, ..., XN(M)) is said to be an (N, €)-estimator for 0(T)
if XM ... XINM) e 0V are N(n) independent samples drawn approximately from p7 such that
drv (XY, ur) < e(n) forall 1 < j < N(n).

In Definition 2.1, an estimator is viewed as a black-box algorithm specified by two functions N and
€. Usually, the estimator is more accurate if more independent samples are drawn and each sample
provides a higher level of accuracy. Thus, one can choose some large N and small € to achieve a
desired quality of estimate.

2.3. Dynamic inference problem. We consider the inference problem where the input graphical
model is changed dynamically: at each step, the current MRF instance 7 = (V, E, Q, ®) is updated to
a new instance 7’ = (V', E’, Q, ®’). We consider general update operations for MRFs that can change
both the underlying graph and all edge/vertex potentials simultaneously, where the update request
is made by a non-adaptive adversary independently of the randomness used by the inference algorithm.
Such updates are general enough and cover many applications, e.g. analyses of time series network
data [CW07, QS93, FVY19, AQ*17], and learning algorithms for graphical models [Hin12, WJ08].
The difference between the original and the updated instances is measured as follows.

Definition 2.2 (difference between MRF instances). The difference between two MRF instances
I =(V,E,Q,®)and I’ = (V',E',Q,®’), where ® = (¢g)qevur and ®" = (§))qevup, is defined as

() d(I,I) % Z 6o — o3, + Z ge = goll, +IVOV'I+|E@E,
vevnV’ ecENE’
where A® B = (A \ B) U (B \ A) stands for the symmetric difference between two sets A and B,

60 = d5ll, 2 Seco|po(e) = ¢5(0), and ||pe — L), 2 Sewreo (e c’) — pile,c)].

Given a probability vector specified by the function 8 : I — RX, the dynamic inference problem
asks to maintain an estimator é(f ) of O(I') for the current MRF instance 7 = (V, E, Q,®) € I, with
a data structure, such that when 7 is updated to 7/ = (V’, E/, Q, ®’) € I, the algorithm updates é(I )
to an estimator 6(Z”) of the new vector 6(I’), or equivalently, outputs the difference between the
estimators 6(7) and 6(1").

It is desirable to have the dynamic inference algorithm which maintains an (N, €)-estimator for

0(7) for the current instance J . However, the dynamic algorithm cannot be efficient if N (n) and e(n)
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change drastically with n (so that significantly more samples or substantially more accurate samples
may be needed when a new vertex is added), or if recalculating the estimating function Eg(-) itself
is expensive. We introduce a notion of dynamical efficiency for the estimators that are suitable for
dynamic inference.

Definition 2.3 (dynamical efficiency). Let N : N* — N* and e : N* — (0,1). Let &(-) be an
estimating function for some K-dimensional probability vector of MRF instances. An tuple (N, ¢, &) is
said to be dynamically efficient if it satisfies:

e (bounded difference) there exist constants C1, Co > 0 such that for any n € N*,

C1-N Co -
IN(n+1) = N(n)| < Q-N® le(n+1) —e(n)] < G- eln),
n n
e (small incremental cost) there is a deterministic algorithm that maintains &(XV, ..., X(™))

using (mn + K) - polylog(mn) bits where XV, ..., X(™ ¢ QV and n = |V|, such that when
x® o x(m ¢ QV are updated to Yy o ym) e QV’, where n’ = |V’|, the algorithm
updates &(XM, ..., X)) to &(YWD, ..., Y™)) within time cost D - polylog(mm’nn’) +O0(m+
m’), where D is the size of the difference between two sample sequences defined as:

(3) LEEDYEEDY 1[x<">(o)¢y<f>(o) ,

i<max{m,m’} veVUV’
where an unassigned X (v) or Y (v) is not equal to any assigned spin.

The dynamic efficiency basically asks N(-), e(+), and &E(+) to have some sort of “Lipschitz” properties.
To satisty the bounded difference condition, N(n) and 1/e(n) are necessarily polynomially bounded,
and they can be any constant, polylogarithmic, or polynomial functions, or multiplications of such
functions. The condition with small incremental cost also holds very commonly. In particular, it is
satisfied by the estimating functions for all the aforementioned problems for the marginal, posterior
and MAP inferences as long as the sets of variables have sizes |A|, |B| = O(logn). We remark that
the O(log n) upper bound is somehow necessary for the efficiency of inference, because otherwise the
dimension of @(T) itself (which is at least ¢!4!) becomes super-polynomial in 7.

3. MAIN RESULTS

Let 7 = (V,E, Q,®) be an MRF instance, where G = (V, E). Let I'5(v) denote the neighborhood of
v in G. For any vertex v € V and any configuration o € Q'¢(®), we use Ho ;(+) = po 1 (- | 0) to denote
the marginal distribution on v conditional on o:

exXp (¢v(c) + ZuefG(v) Puo(0u, c))
ZaeQ eXp (d’v(a) + Zuerc(v) Puv(Ous a)) .

Due to the assumption in (1), the marginal distribution is always well-defined. The following condition
is the Dobrushin-Shlosman condition [DS85a, DS85b, DS87, Hay06, DGJ08].

VeeQ: pl(c)=prlc] o)

Condition 3.1 (Dobrushin-Shlosman condition). Let 7 = (V,E,Q, ®) be an MRF instance with
Gibbs distribution gy = uy. Let Ay € R‘Z/EV be the influence matrix which is defined as

o,T d o ur), , € E,
A[(U,U) A {maX( ,T)€By o YTV (iuv :uv) EZ Zi ¢ v

where the maximum is taken over the set B, , of all (0,7) € QFG(”) X QFG(”) that differ only at u,
and dpvy (ug, pu5) = % 2ceQ |,ug(c) - ,ug(c)| is the total variation distance between p and pf. An MRF
instance 7 is said to satisfy the Dobrushin-Shlosman condition if there is a constant § > 0 such that

< —
r;lea{;(ZA[(u,v) <1-4.

veV
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Our main theorem assumes the following setup: Let @ : M — RX be a probabilistic inference
problem that maps each MRF instance in 9 to a K-dimensional probability vector, and let Eg be its
estimating function. Let N : N* — N* and ¢ : N* — (0,1). We use 7 = (V,E Q,®) € M, where
n = |V|, to denote the current instance and 7’ = (V', E’, Q, ®’) € M, where n’ = |V’|, to denote the
updated instance.

Theorem 3.2 (dynamic inference algorithm). Assume that (N, ¢, Eg) is dynamically efficient, both
I and I’ satisfy the Dobrushin-Shlosman condition, and d(I,1") < L = o(n).

There is an algorithm that maintains an (N, €)-estimator é(I) of the probability vector (1) for the
current MRF instance I, using O (nN(n) +K) bits, such that when I is updated to I', the algorithm
updates 0(1) to an (N, €)-estimator (1) of 0(I’) for the new instance I', within expected time cost

o} (AQLN(n) + An) ,

where O(-) hides a polylog(n) factor, A = max{Ag, Ag'}, where Ag and Ag' denote the maximum degree
of G = (V,E) and G’ = (V', E’) respectively.

Note that the extra O(An) cost is necessary for editing the current MRF instance J to J’.

Typically, the difference between two MRF instances 7, 7’ is small?, and the underlying graphs are
sparse [DSOR16] , thatis, L, A < polylog(n). In such cases, our algorithm updates the estimator within
time cost O(N (n)+n), which significantly outperforms static sampling-based inference algorithms that
require time cost Q(n’N(n’)) = Q(nN(n)) for redrawing all N(n’) independent samples.

Dynamic sampling. The core of our dynamic inference algorithm is a dynamic sampling algorithm:
Assuming the Dobrushin-Shlosman condition, the algorithm can maintain a sequence of N(n) inde-
pendent samples X D . xWNm) ¢ QV that are e(n)-close to pz in total variation distance, and when
7 is updated to 7’ with difference d(Z, I’) < L = o(n), the algorithm can update the maintained sam-
ples to N(n’) independent samples Y1 ... YIN() ¢ OV’ that are e(n’)-close to yi7- in total variation
distance, using a time cost O (A2LN (n) + An) in expectation. This shows an “algorithmic Lipschitz”
condition holds for sampling from Gibbs distributions: when the MRF changes insignificantly, a popu-
lation of samples can be modified to reflect the new distribution, with cost proportional to the difference
on MRF. We show that such property is guaranteed by the Dobrushin-Shlosman condition. This dy-
namic sampling algorithm is formally described in Theorem 6.1 and is of independent interest [FVY19].

Applications on specific models. On specific models, we have the following results, where § > 0 is
an arbitrary constant.

model regime space cost time cost for each update

Ising e 2l > - 22 O (nN(n) +K) O (A’LN (n) + An)
hardcore A< i;_g O (nN(n) +K) o (A3LN(n) + An)
g-coloring qg=(2+96)A 9 (nN(n) +K) 9 (AQLN(n) + An)

TaBLE 1. Dynamic inference for specific models.

The results for Ising model and g-coloring are corollaries of Theorem 3.2. The regime for hardcore model

is better than the Dobrushin-Shlosman condition (which is A < 1=2), because we use the coupling

A1
introduced by Vigoda [Vig99] to analyze the algorithm.

%In multivariate time-series data analysis, the MRF instances of two sequential times are similar. In the iterative algo-
rithms for learning graphical models, the difference between two sequential MRF instances generated by gradient descent
are bounded to prevent oscillations. Specifically, the difference is very small when the iterative algorithm approaches to the
convergence state [Hin12, WJ08].
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4. PRELIMINARIES

Total variation distance and coupling. Let ;1 and v be two distributions over Q. The total variation
distance between p and v is defined as

1
dry (v) £ 5 ) IuG) = v(x)].
x€Q
A coupling of p and v is a joint distribution (X,Y) € Q X Q such that marginal distribution of X is p
and the marginal distribution of Y is v. The following coupling lemma is well-known.

Proposition 4.1 (coupling lemma). For any coupling (X, Y) of i and v, it holds that
Pr(X #Y] >drv (1 v).
Furthermore, there is an optimal coupling that achieves equality.

Local neighborhood. Let G = (V, E) be a graph. For any vertexo € V,letTg(v) 2 {u € V | {u,0} € E}
denote the neighborhood of v, and I} (v) = I'z(v) U {0} the inclusive neighborhood of v. We simply
write I, = T'(v) = Ig(0) and Ty = I'"(v) = I((v) for short when G is clear in the context. We use
A = Ag 2 maxyey |I| to denote the maximum degree of graph G.

A notion of local neighborhood for MREF is frequently used. Let 7 = (V,E,Q,®) be an MRF
instance. For v € V, we denote by 7, 2 I [I]] the restriction of 7 on the inclusive neighborhood T}/
of v,i.e. I, = (I}, Ey, Q, @), where E, = {{u,0} € E} and ®, = (da) aerz UE, -

Gibbs sampling. The Gibbs sampling (a.k.a. heat-bath, Glauber dynamics), is a classic Markov chain
for sampling from Gibbs distributions. Let I = (V, E, Q, ®) be an MRF instance and y = 7 its Gibbs
distribution. The chain of Gibbs sampling (Algorithm 1) is on the space Q 2 QV, and has the stationary
distribution pzy [LP17, Chapter 3].

Algorithm 1: Gibbs sampling

Initialization: an initial state Xy € Q (not necessarily feasible);
1 fort=12...,Tdo
pick v; € V uniformly at random;
draw a random value ¢ € Q from the marginal distribution p, (- | X;-1(Iy,));
X;(v;) « cand Xy (u) «— X;_1(u) forallu € V' \ {v;};

- W N

Marginal distributions. Here y1,(- | 0(I,)) = py 7 (- | 0(I,)) denotes the marginal distribution at
0 € V conditioning on o(T,) € Q', which is computed as:

Po(c) Huel"z, Puo(ou, €)
Zc'eQ Pu(c’) Huel“z, Puo(0u¢’)’

Due to the assumption (1), this marginal distribution is always well defined, and its computation uses
only the information of 7,.

4) VeeQ:  polc| o)) =

Coupling for mixing time. Consider a chain (X;);?, on space Q with stationary distribution y 7 for
MREF instance 7. The mixing rate is defined as: for € > 0,

Tmix (L, €) = H)l(axmin{t | drv (Xe pr) < €},
0

where drv (X}, pr) denotes the total variation distance between p7 and the distribution of X;.
A coupling of a Markov chain is a joint process (X;, Y;);>o such that (X;);>0 and (Y;);>0 marginally
follow the same transition rule as the original chain. Consider the following type of couplings.

Definition 4.2 (one-step optimal coupling for Gibbs sampling). A coupling (X;,Y;);>0 of Gibbs
sampling on an MRF instance 7 = (V,E,Q,®) is a one-step optimal coupling if it is constructed as
follows: Fort=1,2,...,
(1) pick the same random v; € V, and let (X;(u), Y;(u)) « (X;—1(u), Y;—1(uw)) for all u # v;;
7



o,T

(2) sample (X;(v;), Y;(vy)) from an optimal coupling Dopt 7 () of the marginal distributions
Ho, (- | 0) and p,, (- | 7) where 0 = X;_1(Iy,) and 7 = Y1 (Iy,).

The coupling Dg,’ft’ I, (+,-) is an optimal coupling of p,, (- | o) and p,, (- | 7) that attains the maximum

Pr[x = y] for all couplings (x,y) of x ~ (- | 0) and y ~ pp, (- | 7). The coupling Dg”;’fvt(-, -) is

determined by the local information 7, and o, 7 € Qdeg (),
With such a coupling, we can establish the following relation between the Dobrushin-Shlosman
condition and the rapid mixing of the Gibbs sampling [DS85a, DS85b, DS87, BD97, Hay06, DGJ08].

Proposition 4.3 ([BD97, Hay06]). Let I = (V,E,Q,®) be an MRF instance withn = |V|, and Q = Q"
the state space. Let H(o,7) = |{v € V | 0, # 1,}| denote the Hamming distance between o € Q and
T € Q. If I satisfies the Dobrushin-Shlosman condition (Condition 3.1) with constant § > 0, then the
one-step optimal coupling (X;, Y;)s>0 for Gibbs sampling (Definition 4.2) satisfies

)
Vo,re€Q: E[H(X,Y:) | Xie1=0cAY,1=1] £ (1 - Z) -H(o, 1),
and hence the mixing rate of Gibbs sampling on I is bounded as tmix(Z, €) < [%log 2].

5. OUTLINES OF ALGORITHM

Let @ : M — RX be a probabilistic inference problem that maps each MRF instance in I to a
K-dimensional probability vector, and let &g be its estimating function. Le 7 = (V,E, Q,®) € M be
the current instance, where n = |V|. Our dynamic inference algorithm maintains a sequence of N(n)
independent samples XV, ..., X(N(™) ¢ OV which are e(n)-close to the Gibbs distribution i in total
variation distance and an (N, €)-estimator é(I ) of (1) such that

0(7) = Ee(XV, x@ . xNm)y

Upon an update request that modifies 7 to a new instance 7’ = (V’, E’,Q,®’") € I, where n’ = |V,
our algorithm does the followings:

e Update the sample sequence. Update XV, ... X(N() to a new sequence of N(n’) independent
samples YD, YW@ ¢ QV, that are e(n’)-close to uj in total variation distance, and
output the difference between two sample sequences.

o Update the estimator. Given the difference between the two sample sequences, update 6(7) to
é(I’) =8o(YD, ... ,YNWD)) by accessing the oracle in Definition 2.3.

Obviously, the updated estimator é(I ") is an (N, €)-estimator for 8(Z”).

Our main technical contribution is to give an algorithm that dynamically maintains a sequence of
N(n) independent samples for p7, while 7 itself is dynamically changing. The dynamic sampling
problem was recently introduced in [FVY19]. The dynamical sampling algorithm given there only
handles update of a single vertex or edge and works only for graphical models with soft constraints.

In contrast, our dynamic sampling algorithm maintains a sequence of N(n) independent samples
for p; within total variation distance e(n), while the entire specification of the graphical model 7
is subject to dynamic update (to a new 7’ with difference d(7,7’) < L = o(n)). Specifically, the
algorithm updates the sample sequence within expected time O(A?N (n)L log® n + An). Note that the
extra O(An) cost is necessary for just editing the current MRF instance I to 7’ because a single update
may change all the vertex and edge potentials simultaneously. This incremental time cost dominates
the time cost of the dynamic inference algorithm, and is efficient for maintaining N (n) independent
samples, especially when N (n) is sufficiently large, e.g. N(n) = Q(n/L), in which case the average
incremental cost for updating each sample is O(A2Llog® n + An/N(n)) = O(A%Llog?® n).

We illustrate the main idea by explaining how to maintain one sample. The idea is to represent the
trace of the Markov chain for generating the sample by a dynamic data structure, and when the MRF
instance is changed, this trace is modified to that of the new chain for generating the sample for the
updated instance. This is achieved by both a set of efficient dynamic data structures and the coupling
between the two Markov chains.
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Specifically, let (Xt)tT:0 be the Gibbs sampler chain for distribution py. When the chain is rapidly
mixing, starting from an arbitrary initial configuration X € QV, after suitably many steps X = X7 is
an accurate enough sample for uy. At each step, X;_; and X; may differ only at a vertex v; which is
picked from V uniformly and independently at random. The evolution of the chain is fully captured
by the initial state X and the sequence of pairs (v, X;(v;) ), from t = 1 to t = T, which is called the
execution log of the chain in the paper.

Now suppose that the current instance 7 is updated to J'. We construct such a coupling between the
original chain (Xt)tT:0 and the new chain (Yt)tTZO, such that (Yt)tT:0 is a faithful Gibbs sampling chain
for the updated instance 7’ given that (Xt)tT:0 is a faithful chain for 7, and the difference between
the two chains is small, in the sense that they have almost the same execution logs except for about
O(TL/n) steps, where L is the difference between 7 and J’.

To simplify the exposition of such coupling, for now we restrict ourselves to the cases where the
update to the instance 7 does not change the set of variables. Without loss of generality, we only
consider the following two basic update operations that modifies 7 to 7.

o Graph update. The update only adds or deletes some edges, while all vertex potentials and the
potentials of unaffected edges are not changed.

e Hamiltonian update. The update changes (possibly all) potentials of vertices and edges, while
the underlying graph remains unchanged.

The general update of graphical model can be obtained by combining these two basic operations.
Then the new chain (Yt)tT:0 can be coupled with (Xt)tT:0 by using the same initial configuration
Yy = Xp and the same sequence 01,0y, ...,07 € V of randomly picked vertices. And fort = 1,2,..., T,
the transition ( vy, Y;(v;) ) of the new chain can be generated using the same vertex v, as in the original
(Xt)tT:0 chain, and a random Y;(v;) generated according to a coupling of the marginal distributions of
X;(v;) and Y;(v;), conditioning respectively on the current states of the neighborhood of v; in (Xt)tT:O
and (Y; tho- Note that these two marginal distributions must be identical unless (I) X;_; and Y,_; differ
from each other over the neighborhood of v, or (II) the v, itself is incident to where the models 7 and

7’ differ. The event (II) occurs rarely due to the following reasons.

e For graph update, the event (II) occurs only if v, is incident to an updated edge. Since only L
edges are updated, the event occurs in at most O(TL/n) steps in expectation.

e For Hamiltonian update, all the potentials of vertices and edges can be changed, thus 7, 7’ may
differ everywhere. The key observation is that, as the total difference between the current and
updated potentials is bounded by L, we can apply a filter to first select all candidate steps where
the coupling may actually fail due to the difference between 7 and 7’, which can be as small as
O(TL/n), and the actual coupling between (X;);2, and (Y;);? is constructed with such prior.

Finally, when 7 and 7’ both satisfy the Dobrushin-Shlosman condition, the percolation of disagree-
ments between (Xt)tT:0 and (Y,f)tT:0 is bounded, and we show that the two chains are almost always
identically coupled as { vy, X; (vy) ) = (v, Yi(vy) ), with exceptions at only O(TL/n) steps. The original
chain (Xt)tT:0 can then be updated to the new chain (Y,/L)ZLT:0 by only editing these O(TL/n) local tran-
sitions ( vy, Y;(v;) ) which are different from (v;, X;(v;) ). This is aided by the dynamic data structure
for the execution log of the chain, which is of independent interest.

6. Dynamic GIBBS SAMPLING

In this section, we give the dynamic sampling algorithm that updates the sample sequences.
In the following theorem, we use 7 = (V, E, Q, ®), where n = |V|, to denote the current MRF instance
and 7' = (V',E’,Q,®’), where n’ = |V’|, to denote the updated MRF instance. And define

dyapn (I, I') 2 [V @ V'| + |E@ E'|
it (L.2) 23 lpo =il + > Nlge = 2], -

vevnVv’ ecENE’

Note that d(7, I") = dgraph (£, I") + dytami (I, T’), where d(I, I") is defined in (2).
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Theorem 6.1 (dynamic sampling algorithm). Let N : N* — N* gnd e : N* — (0,1) be two
functions satisfying the bounded difference condition in Definition 2.3. Assume that I and I’ both satisfy
Dobrushin-Shlosman condition, dgrqpn(Z, 1) < Lgraph = 0(n) and dpamit(Z,21") < Lyamil-

There is an algorithm that maintains a sequence of N (n) independent samples XV, ..., X(N(m) ¢ gV
where drv (yI,X(i)) < e(n) foralll <i < N(n), using O (nN(n) log n) memory words, each of O(log n)
bits, such that when I is updated to I’, the algorithm updates the sequence to N (n") independent samples
YO, YN € OV where dpy (p]r,Y(i)) < e(n’) foralll <i < N(n'), within expected time cost

(5) 0o (A2 (Lgraph + LHamiI)N(n) 10g3 n+ An) s
where A = max{Ag, Ac' }, and Ag, Ac' denote the maximum degree of G = (V,E) and G’ = (V',E’).

Our algorithm is based on the Gibbs sampling algorithm. Let N : N* — N* and e : N* — (0,1)
be two functions in Theorem 6.1. We first give the single-sample dynamic Gibbs sampling algorithm
(Algorithm 2) that maintains a single sample X € QV for the current MRF instance 7 = (V,E, Q, ®)
where n = |V| such that drv (X, pr) < e(n). We then use this algorithm to obtain the multi-sample
dynamic Gibbs sampling algorithm that maintains N (n) independent samples for the current instance.

Given the error function € : N* — (0, 1), suppose that T(7) is an easy-to-compute integer-valued
function that upper bounds the mixing time on instance 7, such that

(6) T(I) e Tmix(I: E(n))a

where 7ix(Z, €(n)) denotes the mixing rate for the Gibbs sampling chain (X;);>o on instance 7. By
Proposition 4.3, if the Dobrushin-Shlosman condition is satisfied, we can set

n n
(7) T(I)—leoge(n)w

Our algorithm for single-sample dynamic Gibbs sampling maintains a random process (Xt)tTZO,
which is a Gibbs sampling chain on instance 7 of length T = T(I), where T(J) satisfies (6). Clearly
X7 is a sample for py with dpy (X, pir) < e(n).

When the current instance I is updated to a new instance 7’ = (V’,E’, Q, ®’) where n’ = |V’|, the
original process (Xt)tT:0 is transformed to a new process (Y,f)tT:,0 such that the following holds as an
invariant: (Yt)tT:'0 is a Gibbs sampling chain on 7’ with T’ = T(J”’). Hence Y7 is a sample for the new
instance 7’ with drv (Y7, 7)) < €(n’). This is achieved through the following two steps:

(1) We construct couplings between (Xt)tT:0 and (Y; tT:'O, so that the new process (Yt)tT:'0 for 7’ can
be obtained by making small changes to the original process (Xt)tT:0 for 1.
(2) We give a data structure which represents (Xt)tT:O incrementally and supports various updates

and queries to (Xt)tT:O so that the above coupling can be generated efficiently.

6.1. Coupling for dynamic instances. The Gibbs sampling chain (Xt)tT:0 can be uniquely and fully
recovered from: the initial state Xo € QV, and the pairs (v, Xt(vt))thl that record the transitions. We

call <vt,Xt(vt)>tT:1 the execution-log for the chain (Xt)tTZO, and denote it with

Exe-Log(Z, T) £ (us, X; (v1)) [, -
The following invariants are assumed for the random execution-log with an initial state.

Condition 6.2 (invariants for Exe-Log). Fixed an initial state Xo € QV, the followings hold for
the random execution-log Exe-Log(Z,T) = <Ut,Xt(Ut)>tT:1 for the Gibbs sampling chain (Xt)tT:0 on
instance 7 = (V,E, Q, ®):

e T =T(ZI) where T(7I) satisfies (6);

e the random process (Xt)tT:0 uniquely recovered from the transitions <vt,Xt(vt)>tT:1 and the
initial state X, is identically distributed as the Gibbs sampling (Algorithm 1) on instance I
starting from initial state X with v, as the vertex picked at the ¢-th step.

10



Such invariants guarantee that Xt provides a sample for p; with dry (X7, pir) < e(|V]).

Suppose the current instance 7 is updated to a new instance 7’. We construct couplings between the
execution-log Exe-Log(Z,T) = (v, Xt(vt)>tT=1 with initial state Xy € Q for I and the execution-log
Exe-Log(I',T') = (v; Yt(v;)>tT;1 with initial state Yy € Q" for 7’. Our goal is as follows: assum-
ing Condition 6.2 for Xy and Exe-Log(Z,T), the same condition should hold invariantly for Yy and
Exe-Log(Z’,T).

Unlike traditional coupling of Markov chains for the analysis of mixing time, where the two chains
start from arbitrarily distinct initial states but proceed by the same transition rule, here the two chains
(X t)tT:o and (Y,f)tT:0 start from similar states but have to obey different transition rules due to differences
between instances 7 and I’.

Due to the technical reason, we divide the update from 7 = (V,E, Q,®) to I’ = (V’,E’, Q,®’) into
two steps: we first update 7 = (V, E, Q, ) to

(8) Imia = (V,E,Q,®™9),
where the potentials pmid = (og" iy evuE in the middle instance Zmig are defined as

¢! ifacV' UE
¢ ifagV’ UE;

a

Va € VUE, wmé{
then we update I,iq = (V, E, Q, (bmid) toZ’ = (V',E’,Q,®’). In other words, the update from 7 to Jiiq
is only caused by updating the potentials of vertices and edges, while the underlying graph remains
unchanged; and the update from Zy,jg to 7’ is only caused by updating the underlying graph, i.e. adding

vertices, deleting vertices, adding edges and deleting edges.
The dynamic Gibbs sampling algorithm can be outlined as follows.

e UpdateHamiltonian: update Xy and <Ut,Xt(Ut)>tT:1 to a new initial state Z; and a new execu-
tion log Exe-Log(Zmid, T) = (us, Zt(ut)>tT:1 such that the random process (Zt)tT:0 is the Gibbs
sampling on instance Jpig.

e UpdateGraph: update Zy and (uy, Zt(ut)>tT=1 to a new initial state Yy and a new execution log
Exe-Log(Z',T) = (v;, Yt(v;)>tT:1 such that the random process (Yt)tT:0 is the Gibbs sampling on
instance 1.

e LengthFix: change the length of the execution log <U;, Yt(v;)>tT:1 fromTtoT’,where T’ =T(I’)
and T(I"') satisfies (6).

The dynamic Gibbs sampling algorithm is given in Algorithm 2.

Algorithm 2: Dynamic Gibbs sampling

Data :X; € QY and Exe-Log(7,T) = (v;, X,(vt))tT:1 for current I = (V,E,Q, D).
Update: an update that modifies 7 to 7/ = (V', E’, Q, ®’). _
1 compute T’ = T(I’) satisfying (6) and construct Iig = (V’, E/, Q, ®™9) as in (8);

(ZO, (uy, Zt(ut)>tT:1) « UpdateHamiltonian (I, Tnid, Xo, <Ut,Xt(vt)>tT:1);

// update the potentials: J — Iig

(YO, (U; Yt(U;)>tT:1) « UpdateGraph (Imid,f’, Zy, (U, Zt(ut)>tT:1);

// update the underlying graph: Jng— 1’

(YO, (v;, Yt(v;)>ti1) «— LengthFix (I’, Yo, (v;, Yt(v;)>tT=1 , T’), where T’ =T(I') ;
// change the length of the execution log from T to T'=T(I’)

5 update the data to Yy and Exe-Log(7’,T’) = (v; Yt(v;)>tT;1;

N

w

N

The subroutine LengthFix is given in Algorithm 3. We then describe UpdateHamiltonian (Sec-
tion 6.1.1) and UpdateGraph (Section 6.1.2).
11



Algorithm 3: LengthFix (I, Xo, (06 X (0 )T, :r')

Data :X; € QY and Exe-Log(Z,T) = (v;, Xt(vt)>tT:1 for current I = (V,E, Q, D).
Input :the new length T" > 0.
1 if T’ < T then

2 L truncate (v;, Xt(vt))thl to (ovy, Xt(vt))tT;l;

3 else

4 extend <vt,Xt(vt)>tT:1 to <vt,Xt(vt)>tT:,1 by simulating the Gibbs sampling chain on I for
L T — T’ more steps;

5 update the data to Xy and Exe-Log(Z,T’) = (v, Xt(Ut)>tT;1

6.1.1. Coupling for Hamiltonian update. We consider the update of changing potentials of vertices and
edges. The update do not change the underlying graph. Let 7 = (V,E,Q,®) be the current MRF
instance. Let X and (ovy, Xt(vt)>tT=1 be the current initial state and execution log such that the random
process (Xt)tT:0 is the Gibbs sampling on instance 7. Upon such an update, the new instance becomes
I’ = (V,E Q,®’). The algorithm UpdateHamiltonian(Z, I’, Xy, (v;, Xt(vt))thl) updates the data to Yy

and <U;, Yt(v;)>tT=1 such that the random process (Y; tT:O is the Gibbs sampling on instance 7.
We transform the pair of Xy € Q¥ and (v, Xt(vt))thl to a new pair of Yo € Q¥ and (v;, Yt(vt))thl for
7’. This is achieved as follows: the vertex sequence (Ut)thl is identically coupled and the chain (Xt)tT:O

is transformed to (Yt)tT:O by the following one-step local coupling between X and Y.

Definition 6.3 (one-step local coupling for Hamiltonian update). The two chains (X;);?, on
instance 7 = (V,E, Q, ®) and (Yt);’;’o on instance 7’ = (V, E, Q, ®’) are coupled as:
e Initially Xy = Yy € QV;
e fort =1,2,..., the two chains X and Y jointly do:
(1) pick the same v, € V, and let (X;(u), Yi(v)) < (Xi—1(u), Yi—1(u)) forallu € V' \ {v;};
2" _, (-,-) of the marginal distributions y,, 7 (- |

(2) sample (X;(v;), Y;(0;)) from a coupling D7" _,
o) and gy, /(- | 7) with o = X;_1 (I'(v;)) and 7 = Y;_1 (I (v;)), where G = (V, E).

The local coupling D7*

7 () for Hamiltonian update is specified as follows.

o,T
1.1,
Q') two configurations, where G = (V,E). We say a random pair (c,¢’) € Q? is drawn from the

coupling D77, (-, -) if (¢, ¢’) is generated by the following two steps:

e sampling step: sample (c,c¢’) € Q? jointly from an optimal coupling Doz
distributions 1, 7 (- | o) and p,, 7 (- | 7), such that ¢ ~ p,, 7 (- | 0) and ¢’ ~ p,, 7 (- | 7);

e resampling step: flip a coin independently with the probability of HEADS being

Definition 6.4 (local coupling D?* _, (-, -) for Hamiltonian update). Letv € V be vertexand o, 7 €

of the marginal

if o7 (¢" [ 7) < po v (¢" | 7),
otherwise ;

0
©) P p(¢) = {#U,I(C’IT)—#U,I'(C’IT)

Moz (¢']7)
if the outcome of coin flipping is HEADS, resample ¢’ from the distribution v} _, independently,
where the distribution v% I is defined as

Iy
max {0, o 7 (b | ) = o7 (b | 7)}
erQ max {O’ )uZ),I(x | T) - )uZ),I' (x | T)}

(10) VbeQ: v (b)2

Lemma 6.5. Dj';,rfé(" -) in Definition 6.4 is a valid coupling between 1, 7 (- | o) and py, (- | 7).

By Lemma 6.5, the resulting (Yt)tT:0 is a faithful copy of the Gibbs sampling on instance J’, assuming
that (Xt)tT:0 is such a chain on instance 7.
Next we give an upper bound for the probability p7. ,,(-) defined in (9).
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Lemma 6.6. For any two instances I = (V,E,Q,®) and I’ = (V,E,Q,®’) of MRF model, and any
veV,ceQandoe Q@ it holds that

(1) p5 @ <2(llgo— g+ D llpe = dllln |,

e={u,v}€E
where ||¢y — Pill1 = Xeep |Pu(c) = ¢5(c)| and [[ge — Pelli = 2Zerep [Pe(c. ¢”) = dele, ).

By Lemma 6.6, for each vertex v € V, we define an upper bound of the probability p; ., (-) as

(12) peP = min {2 gy - gilli+ > lige = gllln |1

e={u,v}€E

With p,”, we can implement the one-step local coupling in Definition 6.3 as follows. We first sample
eachov; € Vfor 1 < i < T uniformly and independently. For each vertex v € V,letT, = {1 <t <
T | vy = v} be the set of all the steps that pick the vertex v. We select each t € T, independently with
probability p,” to construct a random subset P, C T, and let

(13) P 2 U P,.
veV

We then couple the two chains (Xt)tT:0 and (Y; tT=0' First set Xg = Yy. Foreach 1 <t < T, we set
(X:(w), Yi(u) « (Xp-1(w), Yi—1(u)) for allu € V'\ {v,}; then generate the random pair (X;(v;), Y;(v;))
by the following procedure.

e sampling step: Let o = X;_1(I'5(v;)) and 7 = Y;_; (I(v;)). We draw a random pair (c, ¢’) € Q>
from the optimal coupling Dg";’ I of the marginal distributions y, 7 (- | ¢) and p, 7 (- | 7) such
that ¢ ~ p, 7 (- | ) and ¢’ ~ o7 (- | ©);

e resampling step: If t ¢ P, set X;(v;) = c and Y;(v;) = ¢’. Otherwise, set X;(v;) = ¢ and

b~vt
(14) Yt(Ut) = {c’ -[Ut’-[vt

Note that p,” > 0 if t € $. By Lemma 6.6, it must hold that p7 , (¢’) < p,. Hence, the probability
vpsLoy
7 ()] pﬂtp is valid. Note that the probability that Y;(v;) is set as b is

with probability p7. , (¢')/py,
with probability 1 — p= _, (¢')/py’-

T ’
Phr )

T ’
" %1, ()
up = Po; -

up
pUt Pvt

Hence, our implementation perfectly simulates the coupling in Definition 6.3.
Let O, denote the set of disagreements between X; and Y;. Formally,

(15) Dy ={v eV | X (o) # Y (0)}.

Note that if v; ¢ I'c(D;-1), the random pair (c, ¢’) drawn from the coupling Dg"ft, 7, must satisfy ¢ = ¢’.

Pr[Y;(v;) is setas b] = Pr [t € P] - = p}ﬂ g7 ().

Thus it is easy to make the following observation for the (Xt)tT:0 and (Yt)tT:0 coupled as above.

Observation 6.7. For any integer t € [1,T], ifv; ¢ T2(Dy-1) and t ¢ P, then X;(v;) = Y;(v;) and
Dt = Dt—l'

With this observation, the new Yy and Exe-Log(Z’,T) = (vy, Yt(vt)>tT:1 can be generated from X
and Exe-Log(Z,T) = (vy, Xt(vt))thl as Algorithm 4.

Observation 6.7 says that the nontrivial coupling between X;(v;) and Y;(v;) is only needed when
0y € TE(Dy-1) or t € P, which occurs rarely as long as D;_; and # are small. This is a key to ensure
the small incremental time cost of Algorithm 4. For the (Xt)tT:0 and (Y,f)tT:0 coupled as above and any
1 <t <T,lety; indicate whether the event t € P V v; € TZ(D;_1) occurs:

(16) Ye 21 [t ePvV Uy € Fg(@t_ﬂ] ,
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Algorithm 4: UpdateHamiltonian (I,I’, Xo, <Ut,Xt(Ut)>tT=1)

Data : X € Q" and Exe-Log(Z, T) = (v;, X;(v;))1, for T = (V,E,Q, ®).

Update: an update that modifies 7 to 7’ = (V, E, Q, ®’).

tg « 0, D « @, and construct a Yy « Xj;

for each v € V, construct a random subset #, C T, = {1 <t < T | v; = v} such that each
element in T, is selected independently with probability p," defined in (12);

construct the set P « (J,cy Pos

while 3ty < t < T such thatv, € T(D) ort € P do

find the smallest ¢t > #g such that v, € [5(D) or t € P;

forall ty < i < t, let Y;(v;) = X;(0;);

sample Y;(v;) € Q conditioning on X;(v;) according to the optimal coupling between
Hop1 (- | Xe-1(Tg(0r))) and py, 1 (- | Y1 (T (00)));

8 if t €  then

9 \; with probability p}vt,%t (Yt(vt))/pﬂtp where T = Y;_1(Ig(v;)) do

s . . . '
L resample Y;(v;) Vit where Vi1, 18 defined in (10) ;

N =

N A g A W»

10

11 if X;(v;) # Y;(v;) then D «— D U {v;} else D «— D\ {v;};

12 to < t;

13 for all remaining ty < i < T: let Y;(0v;) = X;(v;);
14 update the data to Yy and Exe-Log(Z’, T) = (uv;, Yt(vt))thl;

and Ryami denote the number of occurrences of such bad events:

T
(17) Retamit £ )yt
t=1

The following lemma bounds the expectation of Ryamil.

Lemma 6.8 (cost of the coupling for UpdateHamiltonian). Let 7 = (V,E, Q,®) be the current
MREF instance and I’ = (V,E, Q, ") the updated instance. Assume that I satisfies Dobrushin-Shlosman
condition (Condition 3.1) with constant § > 0, and dpgmi(Z, 1) = Y v ||¢)Z, - ¢1’J”1 + ek ”d)e - dﬁ,”l <
L. It holds that E [Rqamil] = O (%), where n = |V|, A is the maximum degree of graph G = (V, E).

6.1.2. Coupling for graph update. Let I = (V,E,Q,®) be an MRF instance, where ® = (¢$,)qevuE-
Let Xy and <Ut,Xt(Ut)>tT:1 be the current initial state and execution log such that the random process
(Xt)tT:O is the Gibbs sampling on instance 7. Let 7’ = (V', E’, Q, ®’) be the new instance obtained by
updating the underlying graph, where ® = ($,)qcv ur satisfies

YVae (VNV)N(ENE), ¢a=¢),

’.
Given the update from I to 7', the subroutine UpdateGraph (I,I’, Xo, (vt,X,(vt))thl) updates the

data to a new initial state Yy and a new execution-log <U;, Yt(v;)>tT:1 such that the random process
(Yt)tT:0 is the Gibbs sampling on instance 7”’.
The subroutine UpdateGraph does as the following three steps.
e AddVertex: add isolated vertices in V' \ V with potentials (¢,),ev7\v, and update the instance
I =(V,E, Q,®) to a new instance

(18) Il = Il(-[’ I’) = (V U V” E, Q’ QU (¢U)U€V’\V) ;

then update Xy and (o, Xt(vt))thl to Z, and Exe-Log(71,T) = (ut, Zt(u,f)>tT:1 such that the

random process (Zl.)tT:0 is the Gibbs sampling on instance 17.
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e UpdateEdge: add new edges in E’ \ E with potentials (@¢)ccp\g, delete edges in E \ E’ , and
update the instance 7; to a new instance
L=5L(I,I")%(VUV,E,Q®U (d)oevrv U (Pe)ec\E \ (Pe)ecr\E)
(19) = (V ) V” E’a Qa ®’ U (¢U)U€V\V’) ;

then update Z, and (ut, Zt(ut)>tT=1 to Zé] and Exe-Log(L,, T) = (wt, Z;(wt)>tT=1 such that the

random process (Z;)tT:0 is the Gibbs sampling on instance 5.

e DeleteVertex: delete isolated vertices in V'\ V', and update the instance I to 7’ = (V', E’, Q, ®’);
then update Z(’) and (wt, Z;(wt)>tT:1 to Yo and Exe-Log(Z’,T) = (v; Yt(v;)>tT:1 such that the
random process (Y,f)tT:0 is the Gibbs sampling on instance 7.

The algorithm UpdateGraph is given in Algorithm 5.

Algorithm 5: UpdateGraph (I,I’, X, {(vy, X,(Ut))thl)

Data :X; € OV and Exe-Log(Z,T) = (v;, Xt(vt))thl for current I = (V,E, Q, D).
Update: an update of the underlying graph that modifies 7 to 7' = (V' E’, Q, ®’).
1 construct instances 77 and 15 as in (18) and (19);

2 (ZO, (uy, Zt(ut)>tT:1) «— AddVertex (I, 11, Xo, <Ut,Xt(Ut)>tT:1);
// add isolated vertices to update 7 to Ij

3 (Zé, (wt, Z;(wt)>tT:1) «— UpdateEdge (Il,IQ,ZO, {uz, Zt(ut)>tT:1);
// add and delete edges to update I; to I

4 (YO, <v;, Yt(v;)>tT=1) « DeleteVertex (IQ,I,, Z(’], <wt, Zt’(wt)>tT=1);
// delete isolated vertices to update J; to I’

5 update the data to Yy and Exe-Log(I”’) = (v; Yt(v;)>T

=1°

The subroutines AddVertex and DeleteVertex are simple, because they only deal with isolated vari-
ables. We first describe the main subroutine UpdateEdge, then describe AddVertex and DeleteVertex.

The coupling for UpdateEdge. We first consider the update of adding and deleting edges. The update
does not change the set of variables. Let 7 = (V,E, Q,®) be the current MRF instance. Let X and
(vy, Xt(vt))thl be the current initial state and execution log such that the random process (Xt)tT:O is
the Gibbs sampling on instance 7. Upon such an update, the new instance becomes 7' = (V, E’, Q, ®’),

where ¢, = ¢, for alla € V U (E N E’). The subroutine UpdateEdge(Z, 7’, Xy, <vt,Xt(vt)>tT=1) updates

the data to Yy and <U;, Y; (v;) >th1 such that the random process (Y;) tT:O is the Gibbs sampling on instance
I’
We use § C V to denote the set of vertices affected by the update from 7 to 7”:

(20) S = U {u, 0},

(u,v) eEE®E’

where E @ E’ is the symmetric difference between E and E’.
We transform this pair of Xy € Q¥ and (vt,X,(vt))thl to a new pair of Yo € Q¥ and (v, Yt(ot)>tT:1
for 7’. This is achieved as follows: the vertex sequence (vt)tT:1 is identically coupled and the chain

(Xt)tT:0 is transformed to (Y,f)tT:0 by the following one-step local coupling between X and Y.

Definition 6.9 (one-step local coupling for UpdateEdge). The two chains (X;);?, on instance

I =(V,E Q,®) and (Y; 1o on instance I’ = (V,E’,Q,®’) are coupled as:

e Initially Xy = Yy € QV;
e fort =1,2,..., the two chains X and Y jointly do:
(1) pick the same v; € V, and let (X;(u), Y;(v)) < (Xs-1(u), ;-1 (u)) forallu € V' \ {v;};
15



o,T

(2) sample (X;(v;), Y;(v;)) from a coupling D (v, -) of the marginal distributions 1, 7 (- |

Ivt’]vlt
o) and p,, (- | 7) with 0 = X;_1(I's(v;)) and 7 = Y;_1(I's'(v;)), where G = (V,E) and
G' = (V,E).
The local coupling D7"/, (-, -) for UpdateEdge is specified as follows.
Dt (- ifo ¢S,
(21) Vo e Q) r e @ por (= Do) ifo¢
ot Hor (- [ 0) X po (- | 7) ifo €S,
where Dg:t' ; is an optimal coupling of marginal distributions p,, 7 (- | o) and p, 7 (- | 7). Recall
I, = (I, E,, Q. ®,) where E, = {{w,0} € E} and ®, = (¢qa)aersug,- Obviously, DT/, is a valid

coupling of y, 7 (- | o) and p, 77 (- | 7). Because for any v ¢ S, we have 7, = I,y and hence y1, 7 (- | o)
and p,, (- | ) are the same, both defined by (4) on 7,. Thus they can be coupled by Dg”ft I
Obviously the resulting (Yt)tT:0 is a faithful copy of the Gibbs sampling on instance 7’, assuming
that (Xt)tT:0 is such a chain on instance 1.
Recall D; = {v € V | X;(v) # Y;(v)} is set of disagreements between X; and Y;. The following

observation is easy to make for the (Xt)tT:0 and (Yt)tT:O coupled as above.
Observation 6.10. Foranyt € [1,T], ifv; ¢ S UTE(Dy1) then X;(v;) = Yi(v;) and Dy = D, 1.

With this observation, the new Yy and Exe-Log(I’,T) = (vy, Yt(vt)>tT:1 can be generated from X
and Exe-Log(Z,T) = (vy, Xt(vt))thl as in Algorithm 6.

Algorithm 6: UpdateEdge(Z, 7', X, <vt,Xt(vt)>tT=1)

Data :X; € QY and Exe-Log(Z,T) = (v;, X,(vt))thl for current I = (V,E,Q, D).
Update: an update of adding and deleting edges that modifies 7 to ' = (V, E’, Q,®").

1 tg— 0,D « ©,Yy « Xo and construct S « Uy, cpor {%. 0} ;

2 while 3ty <t < T such thatv; € SUTS(D) do

3 find the smallest ¢t > tg such that v, € S UTE(D);

4 forall ty < i < t, let Y;(v;) = X;(0;);

5 sample Y;(v;) conditioning on X;(v;) according to the coupling D" (-, ) (constructed in

(21)), where o = X;_1 (I (v;)) and 7 = Y;—1 (I (v1));

6 if X;(v;) # Y;(v;) then D «— D U {v;} else D — D\ {v;};

7 tg < t;

=]

for all remaining ty < i < T:let Y;(v;) = X;(v;);
update the data to Yy and Exe-Log(I”’, T) = (uv;, Yt(vt))thl;

=)

Observation 6.10 says that the nontrivial coupling between X; (v;) and Y;(v;) is only needed when
v; € SU Tg(Dt_l), which occurs rarely as long as 9,_; remains small. This is a key to ensure the small
incremental time cost of Algorithm 6. Formally, for the (Xt)tT:0 and (Yt)tT:0 coupled as above, for any
1 <t <T,lety, indicate whether this bad event occurs:
(22) ye 2 1[or € SUTE(D1)],

and let Rgraph denote the number of occurrences of such bad events:

T
(23) Rgraph = Z Yt
t=1

We will see that Rgrapn dominates the cost of Algorithm 6, once a data structure is given to encode the
execution-log and resolve the updates in Line 9 and various queries (in Lines 2, 3 and 5) to the data.

Lemma 6.11 (cost of the coupling for UpdateEdge). Let I = (V,E, Q, ®) be the current MRF instance
and I’ = (V,E’,Q,®’) the updated instance. Assume that I’ satisfies Dobrushin-Shlosman condition
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(Condition 3.1) with constant § > 0, and |E @ E’| < L. It holds that B [Rgraph] =0 (%), wheren = |V|,
A = max{Ag, Ac'}, and Ag, A’ denote the maximum degree of G = (V,E) and G’ = (V,E’).

Coupling for AddVertex. Let I = (V, E, Q, ®) be the current MRF instance. Let X and (v,, Xt(vt)>tT:1
be the current initial state and execution log such that the random process (X t)tT:o is the Gibbs sampling
on instance 7. The update adds a set of isolated vertices S with potentials ($,),es. Upon such an update,
the new instance becomes

I, = (Vl, E’ Q3 (I),) = (V U 53 E’ Q’ QU (¢a)ae$)-

The subroutine AddVertex (7, I/, X, vy, Xt(vt))thl) updates the data to Yy and (v;, Yt(v;)>tT=1 such that
the random process (Yt)tT:0 is the Gibbs sampling on instance 7.

Since the new instance 7’ is the same as I except the isolated vertices in S, we can construct Yo (V) =
X and Y(S) € QF is arbitrary, and Exe-Log(Z’,T) = (v;, Yt(v;)>tT:1 can be constructed by inserting
random appearances of vertices in S into (Ut)thl, while for any v € S, the Y;(v) at the inserted steps t are
sampled i.i.d. from the marginal distribution y,, 7/ (-), which is just a distribution over Q proportional to
exp(¢,(+)) in the case of Gibbs sampling, since v is an isolated vertex. Let [T] = {1,2,..., T}. Formally:

(1) Let P € [T] be a random subset such that each ¢t € [T] is selected into P independently with

probability S'%‘l,' Let h = |P| and enumerate all elementsin Pasry < ry < ... < ry. Let
m =T — h and enumerate all elementsin [T] \Pas &} < fo < --- < {p,.

(2) For each 1 <i < h, sample u; € S uniformly and independently.
(3) Let (or, X, (00)2; < LengthFix (7, Xo, (o0, X, (00))1—y . m).

(4) Construct (v; Yt(U;)>tT;1 as follows:

Vi=reP: wov,=u and Y;(v;) ~ py, 1 (-), where p,, 7/(c) oc exp(¢y, (c));
Vi=f € [T']\P: ov,=v and Y,(v;) = Xi(v;) = Xg(vg).

It is easy to see that (Yt)tT;O is a faithful copy of the Gibbs sampling on instance 7.

Coupling for DeleteVertex. Let 7 = (V,E, Q, ®) be the current MRF instance. The update deletes
a set of isolated variables S C V. Let Xy and (o, Xt(vt)>tT=1 be the current initial state and execution
log such that the random process (Xt)tT:0 is the Gibbs sampling on instance 7. Upon such update, the
instance is updated to 7' = (V',E,Q,®’), where V' = V \ S and ®’ = ® \ (¢,)yes- The subroutine

DeleteVertex(Z, I, Xy, (vt, Xt(vt)>tT=1) updates the data to Yy and <0;, Yt(v;)>tT:1 such that the random

T
t=0

We can simply construct Yo = Xp(V’). The new execution-log Exe-Log(I’,€) = (U; Yt(U;)>tT:1 can
be constructed from the original Exe-Log(Z, T) = (v, X;(v;))!_; by simply deleting all appearances of
vertices v € S in (Ut)thl and the corresponding trivial transitions X, (v), followed by calling LengthFix
on instance 7’ to properly append the chain to the length T.

It is easy to see that (Yt)tT:0 is a faithful copy of the Gibbs sampling on instance 7.

process (Y;),_, is the Gibbs sampling on instance 7.

6.2. Data structure for Gibbs sampling. We now describe an efficient data structure for Gibbs sam-
pling (Xt)tT:(y Let 7 = (V,E, Q, ®) be an MRF instance. The data structure should provide the following
functionalities.

e Data: an initial state Xy € Q" and an execution-log <Ut,Xt(Ut)>tT:1 € (Vx Q)T that records the
T transitions of the Gibbs sampling (Xt)tT:()?
e updates:
— Insert(t, v, ¢), which inserts a transition ( v, ¢ ) after the (t—1)-th transition ( v;_1, X;_1 (0;-1) );
— Remove(t), which deletes the ¢-th transition { v;, X;(v;) );
— Change(t, ¢), which changes the t-th transition ( v;, X; (v;) ) to (v, ¢ );
Note that the updates Insert(t, v, c) and Remove(t) change the length T of the chain, as well as

the order-numbers of all transitions after the inserted/deleted transition.
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e queries:
- Eval(t, v), which returns the value of X;(v) for arbitrary t and v (not necessarily = v;);
— Succ(t,v), which returns i for the smallest i > ¢ such that v; = v if such i exists, or returns
L if otherwise.

It is not difficult to realize that the query Eval(t,v) can actually be solved by a predecessor search
defined symmetrically to Succ(#,v). This data structure problem for Gibbs sampling is quite natural
and is of independent interest.

Theorem 6.12 (data structure for Gibbs sampling). There exists a deterministic dynamic data struc-
ture which stores an arbitrary initial state Xo € Q" and an execution-log <Ut,Xt(Ut)>tT:1 e (Vx Q)T for
Gibbs sampling using O(T + |V|) memory words, each of O(log T + log |V| + log |Q|) bits, such that each
operation among Insert, Remove, Change, Eval and Succ can be resolved in time O(log? T +log V).

Proof. The initial state and execution-log are stored by separate data structures.

The initial state Xy € QY is maintained by a deterministic dynamic dictionary, with (v, Xo(v)) for
vertices v € V as the key-value pairs. Such a deterministic data structure answers queries of Xq(v)
given any v € V while V is dynamically changing.

The execution-log (v;, Xt(vt))thl € (VxQ)T is stored by |V| balanced search trees (75)cv (e.g., red-
black trees). In each tree 7,, each node in 7 stores a distinct transition { v;, X; (v;) ) with v; = 0, such
that the in-order tree walk of 7, prints all (v;, X;(v;) ) with v; = v in the order they appear in the
execution-log (v, Xt(vt)>tT=1. Altogether these trees (7,),ecv have T nodes in total. Besides, these trees
(75)vev are indexed by another deterministic dynamic dictionary, with (v, p,) for vertices v € V as
key-value pairs, where each p, is the pointer to the root of tree 7,. This dictionary provides random
accesses to the trees 7, for all v € V, while V is dynamically changing.

Given any t, we want to answer predecessor (or successor) search for the largest i < t (or smallest
i > t) such that v; = v. This is achieved with assistance from another data structure, an order-statistic
tree (or OS-tree) T [CLRS09, Section 14]. In 7", each node stores the “identity” of an individual transition
(vy, X (v,f))tT:1 (which is actually a pointer to the node storing the transition { v, X; (v;) ) in the tree 7,
with v; = v). In particular, the in-order tree walk of T prints all <Ut,Xt(Ut)>tT:1 in that order. Such a
data structure supports two query functions: (1) Select: given any ¢, returns the identity of the t-th
transition ( vy, X;(v;) ); and (2) Rank: given the identity of any transition (v, X;(v;) ), returns its rank
t in the sequence (v, Xt(vt))thl. Besides, the OS-tree 7 also supports standard insertion (of a new
transition (o, ¢ ) to a given rank t) and deletion (of the transition (v;, X;(v;) ) at a given rank t). As a
balanced tree, all these queries and updates for the OS-tree 7 can be resolved in O(log T) time.

The successor and predecessor searches mentioned above for any v € T and ¢, can then be resolved by
binary searches in the balanced search tree 7, while querying the OS-tree 7 as an oracle for ordering,
which takes time at most O(log? T + log |V]) in total, where the log |V| cost is used for accessing the
root of 7, via the dynamic dictionary that indexes the trees (T,)yev -

This solves the successor query Succ(t,v) as well as the evaluation query Eval(t,v) for Gibbs sam-
pling, both within time cost O(log? T + log |V|), where the latter is actually solved by the predecessor
search for the largest i < t such that v; = v and returning the value of X;(v;) recorded in the i-th
transition {v;, X;(v;) ) or returning the value of Xy (0) if no such i exists.

It is also easy to verify that with the above dynamic data structures, all updates, including: Insert(t, v, c),
Remove(t) and Change(t, ¢), can be implemented with cost at most O(log? T + log [V|), and the data
structures together use O(T+|V|) words in total, where each word consists of O (log T+log |V |+log |Q|)
bits. O

6.3. Single-sample dynamic Gibbs sampling algorithm. With the data structure for Gibbs sam-
pling stated in Theorem 6.12, the couplings constructed in Section 6.1 can be implemented as the algo-
rithm for dynamic Gibbs sampling. Recall dgyapn (-, *) and dyamil (-, -) are defined in (2).

Lemma 6.13 (single-sample dynamic Gibbs sampling algorithm). Let ¢ : N* — (0,1) be an

error function. Let I = (V,E,Q,®) be an MRF instance withn = |V| and I’ = (V',E’,Q,d’) the

updated instance with n’ = |V’|. Denote T = T(I), T" = T(I’) and Tax = max{T,T’}. Assume
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dgraph (L, 1") < Lgraph = 0(n), dpamit(L, I’) < Luamil, and T, T’ € Q(nlog n). The single-sample dynamic
Gibbs sampling algorithm (Algorithm 2) does the followings:
e (space cost) The algorithm maintains an explicit copy of a sample X € QV for the current instance
I, and also a data structure using O(T) memory words, each of O(log T) bits, for representing an
initial state Xo € QV and an execution-log Exe-Log(I,T) = (v, X; (vt)),fT=1 forthe Gibbs sampling
(Xt)tT:0 on I generating sample X = Xr.
o (correctness) Assuming that Condition 6.2 holds for X and Exe-Log(Z, T) for the Gibbs sampling
on I, upon each update that modifies I to I’, the algorithm updates X to an explicit copy of a
sample Y € QV' for the new instance I, and correspondingly updates the Xo and Exe-Log(Z,T)
represented by the data structure to a Yy € Qv and Exe-Log(I',T’) = <U;, Yt(v;)>tT;1 for the
Gibbs sampling (Yt)tT:/0 on I’ generating the new sample Y = Yy, where Yy and Exe-Log(I’,T’)
satisfy Condition 6.2 for the Gibbs sampling on I, therefore,

dry (Y, pur) < e(n).

o (time cost) Assuming Condition 6.2 for X, and Exe-Log(Z,T) for the Gibbs sampling on I, the
expected time complexity for resolving an update is

TmaX(LHamiI + Lgraph) +
n

0 (An +A (|T —-T'| + E [RHamil] + E [Rgraph]) log? Tmax) ,

where A = max{Ag, Ac'}, Ag,Ag’ denote the maximum degrees of G = (V,E) and G’ = (V', E’),
Rianmil is defined in (17) for the subroutine UpdateHamiltonian in Algorithm 2, and Rgyaph is defined
in (23) for the subroutine UpdateEdge in Algorithm 2.

We remark that the O(An) in time cost is necessary because the update from 7 to 7’ may change
all the potentials of vertices and edges. One can reduce the O(An) from the time cost if we further
restrict that one update can only change constant number of vertices, edges, and potentials.

The following result is a corollary from Lemma 6.13.

Corollary 6.14. Assume e : N* — (0,1) in Lemma 6.13 satisfies the bounded difference condition in
Definition 2.3. Assume I and I’ in Lemma 6.13 both satisfy Dobrushin-Shlosman condition (Condition 3.1)
with constant § > 0. The single-sample dynamic Gibbs sampling algorithm (Algorithm 2) uses O(nlog n)
memory words, each of O(log n) bits to maintain the sample for current instance I, and resolves the update

from I to I’ with expected time cost O (An + A2 (Lgraph + LHamil) log3 n).

Proof of Lemma 6.13. The dynamic Gibbs sampling algorithm is implemented as follows. The algorithm
uses the dynamic data structure in Theorem 6.12 to maintain the initial state Xy and execution-log
Exe-Log(Z,T) = (o, Xt(ot)>tT:1. Besides, the algorithm maintains the explicit copy of the sample
X € QY by a deterministic dynamic dictionary, with (v, X(v)) for verticesv € V as the key-value pairs.
The lemma is proved as follows.

Space cost: Note that T = Q(nlogn), |V| = n and |Q] = O(1). We have O(n) = O(T) and O(log T +
log |V| +1log |Q|) = O(logT). The dynamic dictionary for sample X uses O(n) memory words, each
of O(log |V| + log |Q|) bits. Combining with Theorem 6.12, we have the algorithm uses O(T) memory
words to maintain the initial state, execution-log and the random sample, each word is of O(log T +
log |V] + log |Q]) = O(log T) bits.

Correctness: The invariants for execution-log (Condition 6.2) are preserved by the coupling simulated
by the algorithm. The correctness holds as a consequence.

Time cost: Consider the update that modifies 7 to 7'. We divide the algorithm into two stages.

e Preparation stage: construct the updated instances 7’ and other middle instances Zig, 71, 12
in (8), (18), (19); compute p,’ in (12) for all v € V and construct the random set P C [T] =
{1,2,...,T}in (13).

e Update stage: given P and p," for allv € V, update the initial state X to Yy, the execution-log
Exe-Log(Z,T) = (uvy, Xt(vt)>tT:1 to Exe-Log(I’,T’) = (U; Yt(U;)>tT:1, and the sample X to Y.
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We make the following two claims.

Claim 6.15. The expected running time of the preparation stage is

E [Ts‘”g'e ] =0 (An +E [|P[] log? Tmax) ,

preparation

: . 4T Litami
and the expected size of P is at most w

Claim 6.16. The expected running time of the update stage is

- TmaxL
(24) E [Tj:)r:jgalfe] =0 (A (lT - T’| + %raph +E [RHamiI] +E [Rgraph]) 10g2 Tmax) s

Riamil is defined in (17) for the subroutine UpdateHamiltonian in Algorithm 2, and Rgyaph is defined in (23)
for the subroutine UpdateEdge in Algorithm 2.

preparation update

By the linearity of expectation, the expected time cost of the algorithm is E [Tsmgle ] +E [Tsmgle ] .
This proves the time cost.
O

We introduce the following technique lemma to prove Corollary 6.14.

Lemma 6.17. Let ¢ : N* — (0, 1) be a function such that there exists a constant C > 0 such that
C
VneN*: J|e(n+1)—e(n)| < —e(n).
n

Then the function N has the following properties
+ 1 .
e foranyn € N7, it holds that e(n) > Soly () /
o let @ > 1 be a constant, given any n,n’ € N* such thaté < "; < a,

nlogL —n'log k

e(n) e(n’)

where C’ is a constant that depends only on a, C and €(3[C]).

=C’|n" —n|logn.

Proof. By the condition, we have e(t) < (1 + %) e(t+1)forallt > [C+1]. Thusforalln > [ = 3[C],

n—-1
(25) e =] (1 +

i=l

n—

1
) e(n) < e(n) exp (CZ %) < e(n)exp(Clnn) = e(n)n®.
=2

i

i—-C

Thus, we have e(n) > m.

We then prove the second property. It is lossless to assume that min{n, n’} > [, since otherwise we
can choose C’ sufficiently large so that the second property holds. Firstly, we prove for the case n > n’.
We have |10g Zl < ";—,”, By e(t) < (1+ %) e(t+1)forallt > [C+ 1], we also have

n—-1 ’
e(n’) < l—[ (1 + _CC) e(n) < e(n) exp (%) )

N ; _C
i=n
Thus,
' -n Ch-n 2C+1)(n—n’
(26) log n —log n s’logi + [log e(n) L non (n—n’) S( +1)(n n)‘
e(m) 7 e(m) n’ em)| = T TTw-c Y

The last equality is due to 2(n" —C) > n’+1—-2C > n’. Let C' = 2 + |log e(I)| + 3C. We have

’

log —— — n'log ——| < |(n’ = n) log | + [’ [1og == —1og =\ < €’ |n’ = n[1
nlog <) n’log | = n’ —n) log ! n’ (log <) og )= n’ — n|logn.
The last inequality is due to (25) and (26). Similarly, we can also prove the lemma if n < n’. O
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Proof of Corollary 6.14. By Lgraph = 0(n), we have n’ = ©(n). Since 7 and 7’ both satisfy Dobrushin-
Shlosman condition (Condition 3.1) with constant § > 0, we can set T, T’ as in (7) such that

{ log ()w O(nlogn)

n/

e(n’)

The equations hold because n’ = ©(n) and the error function e satisfies e(¢) >

T = { log } =0O(nlogn).

poly Sy (@ by Lemma 6.17.

Thus, we have

(27) Tmax = max{T, T’} = O(nlogn).
By Lemma 6.17 and |n’ — n| < Lgraph = 0(n), we have

(28) IT — T’| = O(Lgraph log n).

Let Trnig = (V, E, Q, ®™9) be the middle instance constructed as in (8). In Algorithm 2, we call the
subroutine UpdateHamiltonian for instances 7 and 4. Since 7 satisfies the Dobrushin-Shlosman
condition, by Lemma 6.8 and d(Z, Zniq) < d(Z,7’) < Lyamil, we have

ATLHamiI
on

where Ryamil is defined in (17) for the subroutine UpdateHamiltonian.

We also call the subroutine UpdateGraph for instances Ziniq and 7’ in Algorithm 2. The subroutine is
shown in Algorithm 5. We first add isolated vertices to update Zi,iq to 77, then update edges to update
I to I, finally delete isolated vertices to update I to J’. Since I’ satisfies Dobrushin-Shlosman
condition and the only difference between 75 and 7’ is that 5 contains extra isolated vertices, it is
easy to verify that 75 also satisfies Dobrushin-Shlosman condition. In Algorithm 5, the subroutine
UpdateEdge is called for 7; and 75. By Lemma 6.11, we have

AT Lgraph
n

(29) E [RHamiI] =0 ( ) = O(ALHamiI 108; I’l),

(30) E [Rgraph| = O = O(ALgeaph log n).

where Rgyaph is defined in (23) for the subroutine UpdateEdge.
Combining (27), (28), (29), (30) with Lemma 6.13, we have the expected time cost is

Tmax(LHamil + Lgraph)
n

E [Tcost] =0 (An +A (|T - T,| + +E [RHamiI] +E [Rgraph]) 10g2 Tmax)

-0 (An + A2(Lgraph + Liamil) log? n) . 0

6.4. Multi-sample dynamic Gibbs sampling algorithm. In this section, we give an Multi-sample
dynamic Gibbs sampling algorithm that maintains multiple independent random samples for the current
MREF instance. Theorem 6.1 follows immediately from the following lemma.

Lemma 6.18 (multi-sample dynamic Gibbs sampling algorithm). LetN : N* — N* ande : N* —
(0,1) be two functions satisfying the bounded difference condition in Definition 2.3. Let I = (V,E, Q,®)
be an MRF instance withn = |V| and I’ = (V', E’, Q, ®’) the updated instance withn’ = |V’|. Assume that
I and 1’ both satisfy Dobrushin-Shlosman condition with constant § > 0, dgraph(L,1") < Lgraph = 0(n)
and dpamit(Z,1") < Lyamil- Denote T = [ %5 log #‘l, T = [% log #r;,)].
There is an algorithm which does the followings:
e (space cost) The algorithm maintains N (n) explicit copies of independent samples XV, ..., X(N(m)
where XV € QY forall 1 < i < N(n), for the current instance I, and also a data structure using
O(nN (n) log n) memory words, each of O(log n) bits, for representing the initial state X(’) e Qv

and the execution-log Exe-Log? (7, T) = < @ X(l)( l))> forl < i < N(n) such that each

Gibbs sampling (Xt(i))tT:0 on I generating an independent sample x® = X;l).
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e (correctness) Assuming that Condition 6.2 holds for each X((]i) and Exe—Log(i) (Z,T) for the Gibbs
sampling on I, upon each update that modifies I toI', the algorithm updates XV, X @ X (N(m)
to N (n’) explicit copies of independent samples Y Y [ YN ¢ OV’ for the new instance
I’, and correspondingly updates the data represented by the data structure to YO(’) € 0V and

, S AT
Exe—Log(’) I, 1) = <u§’), Yt(l) (uil))> . forl <i < N(n’) such that each Gibbs sampling chain
t
(Yl.(l))tT:'0 on I’ generating a new sample Y = YT(,I), where each Yo(l) and Exe-Log? (I, T")
satisfy Condition 6.2 for the Gibbs sampling on I, therefore,

drv (Y(i),y[/) < e(n).

e (time cost) Assuming Condition 6.2 for each X((]i) and Exe-Log'? (I, T) for the Gibbs sampling
on I, the time complexity for resolving an update is

o (AQ(LHamiI + Lgraph)N () - log® n + An) ,

where A = max{Ag, Ac'}, and Ag, Ac' denote the maximum degree of G = (V,E) and G’ =
(V',E").

The following technique lemma will be used to prove Lemma 6.18.

Lemma 6.19. Let N : N* — N* be a function such that there exists a constant C > 0 such that
C
VneN*: |N(n+1)-N(n)| < =N(n).
n

Then the function N has the following properties

e foranyn € N*, it holds that N (n) < poly(n);
e let @ > 1 be a constant, given any n,n’ € N* such thaté < % <a,

In—n’|

IN(n) =N(n')| = C"(,C) - N(n),

n

where C’(a, C) is a constant that depends only on « and C.

Proof. By the condition, we have N(n+1) < (1+ <) N(n). Thus for all n € N*,

n-1 n-1
C 1
N(m) <N | (1 + —,) < N(1)exp (CZ —,) = N(1) exp(®(Inn)) = poly(n).
i i
i=1 i=1
We then prove the second property. Note that @ < a, it suffices to prove
N(n' o
(31) ) | <c'(a ). In=md
N(n)

Assume that min{n, n’} < 2Ca. Then, we have max{n, n’} < 2Ca?. We can choose C’(a, C) sufficiently
large so that (31) holds. Assume n’ > n > 2aC. Note that @ < a. We have

., In—n'| : In—n'| .,
_Cln n|£(1_9) <N(n)<(1+C) Sl+CeXp(O(C)|n nl’

n n ~ N(n) ~ n n

1

which implies (31) holds if C’(a,C) > Cexp(aC). Assume n > n’ > 2aC. Note that @ < o and
n’ > 2. We have

1

., Inn'| : In—n'| 2
_aCln nls(l_g) SIIVV((H))S(1+O[—C) S1+Caexp(aC)|n n|.
n

which implies (31) holds if C’(a, C) > Ca exp(a?C). O
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Proof. The main idea of the multi-sample dynamic Gibbs sampling algorithm is to use single-sample
dynamic Gibbs sampling algorithm (Algorithm 2) to maintain each sample X? € Q" for1 < i < N(n).
We need a careful implementation of the algorithm to guarantee the time cost in Lemma 6.18.

Space cost: Note that T = [% log ﬁ-‘ = O(nlogn) due to Lemma 6.17 and N(n) < poly(n) due to

Lemma 6.19. The dynamic dictionary for each sample X uses O(n) memory words, each of O(log n)
bits. Hence, the algorithm uses O(T-N(n)) = O(nN(n) log n) memory words to maintain all the initial
states, execution-logs and the random samples due to Theorem 6.12.

Correctness: The invariants for execution-log (Condition 6.2) are preserved by the coupling simulated
by the algorithm. The correctness holds as a consequence.

Time cost: Define Np,i, 2 min{N(n), N(n’)}. Fix 1 < k < Np,jn. We use the Algorithm 2 to update the
sample X¥) to Y(®)_ Let P C [T] denote the set defined in (13) for the subroutine UpdateHamiltonian
in Algorithm 2. The multi-sample dynamic Gibbs sampling has the following three stages.

e Preparation stage: construct the updated instances 7’ and other middle instances Ziqg, 11, 12
in (8), (18), (19); compute p,” in (12) for allv € V; and construct the random sets Py, Ps, ..., Pn;

min *

e Update stage: given the (p,")ycy and (P;)1<i<n,,,, for each 1 < i < Ny, use Algorithm 2

. . _ . T
to update the initial state Xél) to Yo(l), the execution-log Exe- Log'¥ (7, T) = <U§1),X;l) (vgl))> .
t=
; . : AT . .
to Exe-Log(l) 7,1 = <u(’), Yt(l) (u(’))> v and the sample X to Y9,
t=
e Completion stage: If N(n’) < N(n), for each N(n’) < i < N(n), remove the sample X, the

. , . L NT

initial state Xél) and the execution-log Exe-Log? (I, T) = <v§l), Xt(’) (U;l))> ) from the data; if
t=

N(n') > N(n), for each N(n) < i < N(n’), construct an independent Gibbs sampling chain

(Yt(i))tT:/0 on instance 7/, write the sample Y )} = Y?, the initial state Yo(i) and the execution-log

T/ 5
Hoo® (77 T = (@ y@ 3\
Exe-Log'’ (7", T") =(u,”, Y, " (u,”) 11nt0 the data.
t

Let Tmulti pmulti apd 7multi - denote the running time of the corresponding stages. Note that
preparation’ “update completion

the update stage of the multi-sample dynamic sampling algorithm repeats the update stage of the
single-sample algorithm for Ny, times. Also note that both 7 and 7’ satisfies Dobrushin-Shlosman
condition. Combining (24), (27), (28), (29), and (30), we have

Nmin
B |Topie| = D B |Tombe ] = ONassus” (Lgrap + Liami) og” )
i=1

update update
(32) (by Nmin < N(n)) = O(N(H)A2 (Lgraph + LHamiI) 10g3 n)
where T5"8'® () jg the running time of the update stage of the Algorithm 2 that updates the i-th sample.

update
In completion stage, we either remove the chains from the data structure, or generate the new chains

and write them into data structure. It is easy to see the running time of the completion stage satisfies

B [Tmulti ] = O(IN(n) = N(n")| Tonax 10g Tmax) = O(n|N(n) = N(n")|log? n)

completion
(by Lemma 6.19) = O(|n — n’| N(n)log® n) = O(LgraphN(n) log® n),
where Ty = max{T,T’} = O(nlogn) since n’ = ©(n) and e(n’) > m(by Lgraph = o(n) and
Lemma 6.17).
We make the following claim about the preparation stage.

Claim 6.20. The expected running time of the preparation stage is
X Nmin
E [T;:plgration] =0 (An + 10g2 n Z E[|1Pil]],
i=1

: . AT masx LHami .
and the expected size of P; is at most w foreach 1 <i < Npip.
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By Claim 6.20, we have

E [Tm“'“ ] -0 (An + N (1) Ligarmit 10g® n) .

preparation

By the linearity of expectation, the expected time cost of the algorithm is E [Tm“'ti ] +E [Tm“'ti ] +

preparation update

completion

E [Tm”'ti ] This proves the time cost.
|

7. PROOFs FOR DYNAMIC GIBBS SAMPLING

7.1. Analysis of the couplings. We analysis the couplings in dynamic Gibbs sampling algorithm.
In Section 7.1.1, we analysis the coupling for Hamiltonian update. In Section 7.1.2, we analysis the
coupling for graph update.

7.1.1. Proofs for the coupling for Hamiltonian update. In this section, we prove Lemma 6.5, Lemma 6.6,
and Lemma 6.8.
The validity of the coupling (proof of Lemma 6.5). We first prove that the distribution v7. _,(-)

in (10) is valid. We draw samples from v ,,(-) only if the result of coin flipping is HEADS, which
implies pi, 7(x | 7) > py /(x| 7) for some x € Q. Thus, the two distributions y, 7 (- | 7) and pp, 7 (- | 7)

are not identical, and

> max {0, o1 (x | 1) = o1 (x [ D)} > 0.
x€Q

T

Hence, the denominator of v% _,
1y,1,

() is positive. Besides, since both i, 7 (- | 7) and p, 7/ (- | 7) are
distributions over Q, we have

S max {0, tor G 1 7) = por (e 10} = S max {0 (x| 7) = (x| )}
x€Q x€Q

T

Iy, 1;
(%, -) in Definition 6.4 is a valid coupling between 1, 7 (- | 7) and

Thus we have 3.0 v} ;. (x) = 1. Hence, v} ., (-) a valid distribution.
o,T

L.1;
Mo (- | 7). If py 7 (- | 7) and pp (- | 7) are identical, the result holds trivially. We may assume

o,z (- | 7) and py (- | 7) are not identical, thus the distribution v ,(-) is well-defined.

We next prove the coupling D

The coupling Dj_’TI,(‘, ) in Definition 6.4 returns a pair (c,c’) € Q. It is easy to see ¢ follows the
law p, 7 (- | o). We prove that ¢’ follows the law p, /(- | o). By the definition of D7, (-,-), ¢’ € Q is

1.1
generated by the following procedure:

e sample a € Q from the distribution p, 7 (- | 7);

e sample b € Q from the distribution v, ,, defined in (10), set

) {b with probability p7.  ,, (a)
¢ = op>top

a with probability 1 — p7 _, (a).
Note that a follows the law p,, 7 (- | 7). We have for each x € Q,

Prlc’=x] =Prla=x] - (1-p} () + ) Prla=y] - p} ;(y) vy (x)

yeQ
= .uv,l(x | 7)- (1 _P;U,]U/(x)) + V;u,fé (x) Z .uv,l(y | 7) - P;ﬂ,[é ().

yeQ
By the definition of p7 _,(y) in (9), we have

0 fppr(yl o) <por(ylo)
VyeQ pr(yln)-ph oY) = rwi ’
v 1,13 Uo7 (y | 7) — pio 1 (y | 7) otherwise.
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This implies 1,7 (y | 7) - p7, 1, (4) = max {0, pio 7 (y | 1) = pro.7:(y | 1)} We have

V;,,,I,,’ () Z Ho1(y | 7) -p?mlv,(y)
yeQ

max {O, Mo (x| T) = py 7 (x| T)}
) 0, o .
ZyeQmaX{O,HU’](y|T)—yv’]/(yll_)}!;Qmax{ por(y | 7) = por(yl )}

= max {O,,uz,’]/(x | 7) — por (x| T)}
Hence, we have
Prle’ = x] = oz (x | 1) - (1= pl 1 (x)) +max {0 o 1o(x | ) = s (x | D)}

Suppose i, 7(x | 7) < py 7 (x | 7), then we have p}v’]z; (x) = 0. In this case, we have

Prlc’ = X1 = po.r (6 | D) + oz (6 | ©) = o1 (x| ©) = p1o(x | 7).

Suppose iy 7(x | ) > py (x| 7), then we have
Prlc’ =x] = por(x | 1) - (1= p7 7,(x)) = po, 1 (x | 7).

Combining these two cases proves that ¢’ follows the law p, (- | 7). O

The upper bound of the probability p; ., (-) (proof of Lemma 6.6). It suffices to prove that for
any two instances I = (V,E,Q,®) and 7’ = (V,E,Q,®’) of MRF model, and any v € V,c € Q and
o€ QFG(U),

e={u,0}€E

(33) po,z(c | 0) = po 1o (c | 0) < 2p1(c | 0) (I|¢v — ol + Z [ —¢é|l1)-

Note thatif y, 7 (c | 0) =0, thenp}vjz;(c) = 0; otherwise p}vjv,(c) = max {0, %} Hence,
inequality (33) proves the lemma.

We now prove (33). Suppose i, 7(c | o) = 0. Then the LHS of (33) < 0. Since the RHS > 0, the
inequality holds.

We next assume i, 7 (c | o) > 0. Then it suffices to prove

uu,f(cw)—uv,p(cw):1_uv,zf<c|a><2(”¢ e T s —¢>'||1).

)uv,](c | O-) ,UU,](C | O-) B e={u,v}€E

By the definitions of @, ¢., ¢e, ., we can write the ratio as
Ho,17(c | 0) _exp (d);(c) + Zuel‘v Puo(0us C)) ZaeQ eXp (¢v(a) + Zuel‘v Puo(0u, a))
por(cl o)  exp (o(c) + Duer, Puo(0us ©)) Taco exp ($5(a) + Syer, Plo(0us @)’
where I, denotes the neighborhood of v in G. Next, we assume that
YeeQ: ¢y(c)=—0 = ¢/(c)=-

YueT,cc € Q: dulc )=-0 ¢l’w(c, ¢’) = —oco.

(34)

Otherwise, it must hold that the RHS of (33) is co, then (33) holds trivially. Thus we can define the set

Q’ = {a €Q| d)v(a) + Z ¢uv(o'u, a) # _00} = {a €Q| d);(a) + Z ¢l,w(o'u: a) # _00}'

uely, uely,

Since exp(—o) = 0, we have

Por(c|o) _ exXp (#5(c) + Xuer, $ro(0us ©)) Daeor XD ($o(a) + Luer, Puo(0us @)
,uv,](c | o) €xp (¢v(c) + Zuel‘v ¢uv(0'u, C)) ZaeQ’ exp (¢Z’J(a) + Zuel‘v ¢1,w(0'u’ a)) .
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We then show that

ex

( Po(a) + 2yer, Puo(ou, a)
(¢5(a) + Zyer, Puo(0u, @)

)
)
€xXp (¢ (a) + Zuel‘ d)uv( u a ))
VaeQ': > exp | —llgo — $oll1 - e — delly
€xp ( (a) + Zuefv ¢uv(0ua a)) e:{uZ,Z;}GE

We first use (35) to prove the (33). Since y, 7 (c | o) > 0, then we have ¢ € Q’. By (35), we have

| Her(elo) 1_exp(—2||¢v ili-2 ) ||¢>e—¢;||1)

luUI(c | O-) B EZ{M,U}GE

< 2(||¢U —gil+ Y e - ¢;||1).

e={u,v}€E

Yae Q" :

T | T

ex

exp(—lleﬁu pili— > ||¢e—¢;||1)

e={u,v}€E

This proves the lemma.
We now prove (35). For any a € Q’, it holds that

exXp (d’v(a) + Zuel“,, Puo (0w, a)) = exp
exp (¢5(a) + Xyer, Pio(0u a))

¢v(a) - ¢z’}(a) + Z ¢uv(0-u, a) - Z ¢1/w(o-u, a)) .

uel, u€ly,
Then (35) holds because
$o(a) — ¢,(a) > - Z l$o(c) = @5 ()] = =llgo — Pol1;
ceQ
D bu(0wa) = D blalowa) == D D pelec) = pilec) == D lge -l
uely, uely, e={u,v}€E c,c’€Q e={u,v}€E

exp (¢, (W) + X uer, Puo (0u:a) )
eXp(¢v (a)"'ZueI“v Puv (O-u’a))

The lower bound of can be proved in a similar way. O

The cost of the coupling for UpdateHamiltonian (proof of Lemma 6.8). By the definition of the
indicator random variable y; in (17), we have

Prly;=1| D] <Pr(t € P | D] +Pro, € TH(Di1) | Dy
A+1)|D,_ o
PG )IDt1|+ZpL_
n veV
By the definition of p,” in (12) and dpamit(Z, Z") = Spey |60 — G5ll, + Zecr ||¢e — ¢2]|, < L. we have
(A+ DD AL

n n’

Prly; =1[ D] <

By the definition of Ryamii = ZtT_l Y:, we have

T
(36) E [Rjamil] ZE [v:] ZE [y, | Dy 1]]SZ((A+1)E[|Z)1*—1|]+4_L

) n n

Next, we bound the expectation E [|D;|]. Recall that the one-step local coupling for Hamiltonian
update (Definition 6.3) is implemented as follows. We first construct the random set  C V in (13). In
the t-th step, where 1 <t < T, given any X;_; and Y;_;, the X; and Y; is generated as follows.

o Let X'(u) = X;_1(u) and Y'(u) = Y;_1(u) for all u € V \ {v;}, sample (X'(v;),Y’(0;)) € Q2
jointly from the optimal coupling DZ;;, I, of the marginal distributions p,, 7 (- | o) and p1y, 7 (- |
1), where 0 = X;_1(Ig(v;)) and 7 = Y;_1 (T (v;)).

o Let X; = X" andY; =Y'. If t € P, update the value of Y;(v;) using (14).
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Hence, for any vertex v € V, X;(v) # Y;(v) only if one of the following two events occurs (1) X' (v) #
Y’(v); (2) v; =v and t € P. Then for any v € V, we have

Pr[Xt(U) * Yt(U) | Xt—laYl'—l] < Pr[X,(U) * Y,(U) | Xt—laYl'—l] + Pr[f) = U AteP | Xt—l’Yt—l]
(37) =Pr[X'(v) # Y'(v) | Xp-1,Yi1] + Prlo =0, At € P],

where the equation holds because v = v; At € P is independent of X;_1,Y,;. Given X;_1,Y;_1,
the random pair X', Y’ are obtained by the one-step optimal coupling for Gibbs sampling on instance
I (Definition 4.2). Since I satisfies the Dobrushin-Shlosman condition with constant 0 < § < 1, by
Proposition 4.3, we have

(38) E[H(X,Y") | Xpo,Yoa] < (1 - é) H(Xro1, Yoo) = (1 - é) D],

where H(X,Y) = [{v € V | X(v) # Y(v)}| denote the Hamming distance. Combining (37) and (38),
BIDM | Dit] £ ) PrlX () # Y'(0) | D] + ) Prlt € P Ao=o; | Dpi)

veV veV
5 v

(1——)|Dt 1|+Zp
n veV
5 ’ ’

(by (12)) < ( —) | D1 + ||¢u = ¢ylli + Z lpe — Pellr
n veV e={u,v}€E
o)
(by dyamit (£, 1) <L) < ( Z) | D, 1|+ —

Thus, we have
1) 4L
E[|D:]] < (1 - ;) [Dr-1l] + —
Note that |Dg| = 0. This implies
8L

59) E[|Di] < -

Thus, by (36), we have

E [RHamiI] <

20ATL -0 ATL
Sn én |’

7.1.2. Proofs for the coupling for graph update. In this section, we prove Lemma 6.11.

Cost of the coupling for UpdateEdge (Proof of Lemma 6.11). By the definition of Rgaph in (23)
and the linearity of the expectation, we have

[ Reraph] ZE a =Z [Ely: | Dra]l.

Recally, =1 [Ut eSuU Fg(@t_l)] andv; € Visuniformly at random given 9,_;. Note that |T5(Dt_1)| <
(A+1)|D;-1| and |S| < 2|E® E’| < 2L. We have

(A+1)|Ds_q| +2L
n

A+1 2LT
= )ZE [1Deal] + =

T
(40) E [Rgraph] < D B
t=1

Suppose I’ satisfies Dobrushin-Shlosman condition (Condition 3.1) with the constant § > 0, we claim

L
(41) VO<t<T: E[|Dtl]s%.
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Combining (40) and (41), we have

18ALT ALT
E [Rgraph | < =0 (—)

on

n

This proves the lemma.
We now prove (41). Let (X}, Y;)s>0 be the one-step local coupling for updating edges (Definition 6.9).
We claim the following result

) 4L
(42) Vo,7€Q: E[H(Xt,yt)|Xt_1:O'/\Yt_1=T]S(l——)‘H(U,T)+—,
n n

where H(o,7) = [{v € V | o(v) # 7(v)}| denotes the Hamming distance. Assume (42) holds. Taking
expectation over X;_; and Y;_;, we have

19 4L
(43) E[H(X:Y)] < (1 - ;) [H(Xi-1,Y-1)] + —
Note that Xy = Yy, we have
(44) H(Xo,Yy) =0
Combining (43) with (44) implies
8L
(45) VO<t<T: E[D:] =E[H(X;Yy)] < 5

This proves the claim in (41).

We finish the proof by proving the claim in (42). The main idea is to compare the one-step local
coupling for updating edges (Definition 6.9) with the one-step optimal coupling for Gibbs sampling on
instance 7’ (Definition 4.2). Let (X}, Y/);>0 be the coupling for Gibbs sampling on 7. Since 7’ satisfies
Dobrushin-Shlosman condition, by Proposition 4.3, we have

)
(46) Vo,reQ=0Q": E[H(X.Y)|X, =0cAY  =1]< (1 - —) -H(o, 7).
n
According to the coupling, we can rewrite the expectation in (46) as follows:
(47) E[H(XLY) | X, =oAY,  =1] = Z [ (oo o)),
UEV

where (CX,CY") ~ DZ;;, 1 DOpt 1 is the optimal coupling between p,, 7/ (- | o) and p,, 1/ (- | 7), and the

. X’
configuration 6% € QY is defined as

o”‘_ci(,(u) N cX' ifu=o
o(u) fu#o

and the configuration G ¢ QV is defined in a similar way.
Similarly, we can rewrite the expectation in (42) as follows:

1
(48) BIH(XY) | X1 =0 A Y, =1] == 3 B |H (0", )|,
n veV

where (CX,CY) ~ D; T],, where DY 11 the local coupling defined in (21).
The following two properties hold for (47) and (48).

e Ifv ¢ S, by the definition of D; TI,( -) in (21), it holds that D; TI, DJPTt' 7,- Hence

YogS: E [H (U”‘_Ci(,,rw_cﬂw)] =E [H (0'”‘_05(, TU(_CZ)] )
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e If v € S, then it holds that H(O'”‘_Cff, 0'”‘_C5(,) <1land H(T”‘_CUY/, f”‘_Cg) < 1. By the triangle
inequality of the Hamming distance, we have

H ( Gw—cff’ Lo=CY ) <H ( Gw—cff’ Gm—cff’) +H ( Uu<—cg<” Tm—cUY’) +H ( Tm—c{” Lo=CY )
<H (0”‘_05(,, T”‘_CZI) +2.
This implies
YoeS: E [H (UU‘_CZ}f, T”‘_C‘}’,)] <E [H (UU‘_CZ}’(, T”‘_CZ,)] + 2.
Combining above two properties with (47) and (48), we have for any o €,7 € Q,

E[H(X.,Y:) | X1 =0 AY g =1]
el
n veV

1 X! Y’ 1 X y’
<o 2B (o) |+ D3 (B[H (00 ) [ 4]
nz (e T nz (o2 T

¢S veS
’ ’ ’ ’ 4L
() <E[HXLY)|X,_,=cAY/  =1]+ —
10 4L
<|1--|-H(o,7) +—,
n n
where (*) holds due to |S| < 2L. This proves the claim in (42). O

7.2. Implementation of the algorithms. In this section, we prove the Claim 6.15, Claim 6.16 and
Claim 6.20 by giving the implementation of the algorithms.

7.2.1. Proofs of Claim 6.15 and Claim 6.20. We prove Claim 6.20, then Claim 6.15 can be proved in a
similar way.

It is easy to verify the updated sample 7, all the probabilities (p,"),cy in (12), all middle instances
Imids 11, 22 in (8), (18), (19) can be computed with time cost O(An). We focus on constructing #; for
1 <i < Npin.

The multi-sample dynamic Gibbs sampling algorithm use the data structure in Theorem 6.12 to main-
tain N (n) independent Gibbs sampling chain on instance J represented by Xéi) and Exe-Log (7, T) =

N T
<U£l),Xt(l) (vt(l))> L To construct the random sets #; for 1 < i < N, we need an additional data
t=

structure to maintain the following data. Define the set H, as
H, £ {(l, l’) € [N(n)] X [T] | U;i) — Z)}.

H, contains all the transition steps in N (n) independent chains that picks the vertex v. The algorithm
uses an extra data structure H to maintain all (H,),cy. The data structure H contains n balanced binary
search trees (H,),cv, where each H, maintains the set H, in a similar way as in the main data structure
in Theorem 6.12. Since T = O(nlog n), N(n) < poly(n), the space cost of H is O(nN (n) log n) memory
words, each of O(logn) bits, which is dominated by the space cost in Lemma 6.18. And the time cost
of adding, deleting, and searching a transition step in H is O(log? n). We need to update H when 7
is updated to 7. One can verify that such time cost is dominated by the time cost in Lemma 6.18.
Then for each v € V, we pick each element in H, with probability p," to construct the set

B, C H,,.

This is the standard Bernoulli process. With the data structure H,, the time complexity of constructing
the set B, is O(|B,| log? n). Given all the sets B,, it is easy to construct all the sets P;. Hence,

Nmin
An + Z |P;] log? n) )

i=1

Tt =0 (An + > 1Byllog?n| =0

preparation
veV
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In the preparation stage of multi-sample dynamic Gibbs sampling algorithm, we first construct the
Tnida = (V,E, Q, ®™Mid) as in (8), and each P; (1 < i < Npin) is constructed with respect to 7 and Zig.
Note that dyamii (£, Zmid) < dhamit (£, Z7) < Lyamil- By (12), we have for each 1 < i < Ny,

|P | Z Z Pv 4TLHam|I

t=1 veV

This proves the claim. O

7.2.2. Proof of Claim 6.16. We give the implementation of the update stage of the single-sample dy-
namic Gibbs sampling algorithm (Algorithm 2). The algorithm updates the MRF instance from 7 to I’
as follows,

I - Ing —» LT - L — T,

where Ipiq is defined in (8), 71 = 11 (Zmid, L) is defined in (18), and I3 = 15 (I nid, £ ') is defined in (19).
Then the algorithm calls LengthFix to modifies the length of the execution log from T to T".

The preparation stage computes all probabilities (p,")yey in (12), the set P in (13), and all instances
Tnids 11, Z2. Consider the time cost of the update stage. In the update from Ji,iq to 77, we only add
isolated vertices in V’ \ V, using the data structure in Theorem 6.12, the expected time cost is

V'\V L
E[Tron]| =0 (%Tm log® Tmax) =0 ( e i log? Tmax) :
n
In the update from 75 to 7', we only delete isolated vertices in V \ V’, thus

V\ V| Laraph
E [T[mid—>[1] =0 (lV U V,l Tiax 10g2 Tmax | =0 gt:p Tax 10g2 Tmax | -

It is also easy to observe that the expected time cost of LengthFix is

E [TLengthFix] =0 (A IT - T,| 10g2 Tmax) .

We then prove that
(49) E[Tr-z,] =0 (AE [Ritamit] 1082 Tmax)

(50) E[T7z] =0 (AE [Rgraph ] log? Tmax) .

Combining all the running time together proves Claim 6.16.

We give the implementation of Algorithm 4 to prove (49). The Algorithm 6 can be implemented in a
similar way to prove (50). Since (p,"°)yey and P are given, the running time of Algorithm 4 is dominated
by the while-loop. We implement Algorithm 4 such that after each execution of the while-loop, the
first ty transition steps of the Gibbs sampling on instance 7 is updated to the first ¢y transition steps
of the Gibbs sampling on instance 7', namely, (Xt) 2o is updated to (Y,)P 120> Where t( is the variable in
Algorithm 4. Recall the sets O and P in Algorithm 4. We need some temporary data structures:

e abalanced binary search tree 7~ to maintain the set O and the configuration X;,_1(D);

e aheap H; to maintain the set #;

e a heap H> such that once a vertex v is added into D, the update times Succ(ty, u) for all u €

I'c(v)U{v} are added into Ha, where Succ is the operation of the data structure in Theorem 6.12.

Line 5 can be implemented using H1, Ha2, 7. And Line 7 and Line 10 can be implemented using 7~ and
the main data structure in Theorem 6.12. Note that the time cost of each operation of 7" is O(logn) =
O(log Tinax). Also note that at most ARHami elements can be added into Hs. Hence, all the time cost
contributed by Ho is O(ARHamil 10g(ARHamil)) = O(ARHamil log Tinax). One can verify that the total
running time is

T]—)]mid =0 (ARHamiI 10g2 Tmax) .

This proves (49). O
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7.3. Dynamic Gibbs sampling for specific models. In this section, we apply our algorithm on Ising
model, graph g-coloring, and hardcore model. We prove the following theorem.

Theorem 7.1. There exist dynamic sampling algorithms as stated in Theorem 6.1 with the same space
cost O (nN(n) logn), and expected time cost O (A2 (Lgraph + LHamil)N (1) log3 n + An) for each update,

if the input instance I with n vertices and the updated instance I’ satisfying dgrapn(Z,1’) < Lgraph =
o(n), dyamit(Z,I") < Lyamil both are:

o Ising models with temperature  and arbitrary local fields where exp(=2|f]) = 1 - i;ﬁ;

e proper g-colorings with q > (2 + 5)A

e hardcore models with fugacity A <

< A 2, but with an alternative time cost for each update

(51) O (A% (Lgraph + Litami) N (n) log? n + An)

where § > 0 is a constant, A = max{Ag, Ag'}, Ag denotes the maximum degree of the input graph, and
A denotes the maximum degree of the updated graph.

In Theorem 7.1, the regime for Ising model and g-coloring match the Dobrushin-Shlosman condi-
tion, thus the results are corollaries of Theorem 6.1. The regime for hardcore model is better than the
Dobrushin-Shlosman condition. We give the proof for hardcore model.

We use 7 = (V, E, 1) to specify the hardcore model on graph G = (V, E) with fugacity 1. A config-
uration of hardcore model is ¢ € {0,1}V, where o, = 1 indicates v is occupied, o, = 0 indicates v is
unoccupied. If o forms an independent set, then pi7 (o) o Al°ll; otherwise, ji7(c) = 0. We need the
following lemma proved by Vigoda’s coupling technique [Vig99].

Lemma 7.2. Let § > 0 be a constant. Let I = (V E, L) be a hardcore instance, where n = |V|, and
Qr 2 {0 €{0,1}V | ur(c) > 0}. Assume A < A_2’ where A is the maximum degree of G = (V,E).
There exist a potential function py : Q7 X Q7 — Ry, whereVo,7 € Qy, pr(o,7) = 0 ifo = 7 and
pr(o,7) > 1ifo # 1, and Diam; £ max,req, pr(0,7) < An, such that the one-step optimal coupling
(Definition 4.2) (X;,Y:)r>0 of Gibbs sampling on I satisfies

(1) (step-wise decay) for the coupling (X;,Y;);>0 of Gibbs sampling, it holds that

(52) VoreQr: Blpr(XY) | Xei=oAYa=7] < (1-£) pr(on),

where § = ﬁ, which implies Tmix (1, €) < f% log @] = O(nlog 2).
(2) (up-bound to Hamming) for all 0,7 € Qy, H(o,7) < ps(0o,7), where H(o, ) denotes the
Hamming distance between o and t.
(3) (Lipschitz) function pz(-,-), seen as a function of 2n variables, is K-Lipschitz, that is,
max_ |pr(o,7) - pr(o', 7)) <K - H(or, o',

o,0/,1,7€Qr

where K = 12A.

Compared with Proposition 4.3, the step-wise decay property in (52) holds only for feasible config-
urations ¢ and 7, and the decay property is established on the potential function py rather than the
Hamming distance H. We first use Lemma 7.2 to prove Theorem 7.1, then we prove Lemma 7.2 in the
end of this section.

Recall that the error function e satisfies e(£) > by Lemma 6.17. Recall A = max{Ag, Ag'}.

pOly(f)
By Lemma 7.2 and n’ = ©(n) (since Lgrapn = 0(n)), we can set
96 nA
T= T(I)—{—nl ()} O (nlogn)
A
T =11 = | 2 10g P21 2 6 (nlogn) .
1) e(n’)

We modify Algorithm 2 for the hardcore model as follows. Suppose the current instance is 7 =
(V,E, ), we set the initial configuration X as

Yo eV, Xo(v) =0
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Thus X is feasible. Suppose the instance 7 = (V,E, A) is updated to 7' = (V’, E’, 1’). We divide the
update into the following steps

I — Ina — LTt - L - I — I

change fugacity to update 7 = (V,E, 1) to Imiq = (V, E, ) using UpdateHamiltonian;

add isolated vertices in V’\ 'V to update J1niqg = (V,E, A’) to 71 = (VUV', E, 1’) using AddVertex;
delete edges in E\ E” toupdate 7; = (VUV’, E,1") to I = (VUV’, ENE’, A") using UpdateEdge;
add edgesin E” \ E toupdate 7o = (VUV’,ENE’,A") to I3 = (VUV’, E’, ) using UpdateEdge;
delete isolated vertices in V’ \ V to update 75 = (VU V', E", ") to I’ = (V',E’, }');

fix the length of the execution log from T to T".

Compared to Algorithm 2, we further divide the update of edges into two steps: at first delete edges,
then add edges. Thus, we have the following observation.

Observation 7.3. The following results holds:
bt Q[ = QfmidJ
instance .
o theinstances I, 1o, I3, I’ all satisfy A < i;_g, where A and A are the fugacity and maximum degree
of the corresponding instance.

Qr € Qp, and Qp, € Qp,, where Q g is the set of feasible configurations for any

By the observation, we know that Q7 = Q7 ., Q7 C Q7 and Q7 C Qp,, thus we can use Lemma 7.2,
because the step-wise decay property (52) is established only on feasible configurations.

We need to analyze Ryamil and Rgrapn defined in (17) and (23) for the hardcore model. We prove the
following two lemmas for hardcore model.

Lemma 7.4. Consider UpdateHamiltonian (I,I’, X, (vy, Xt(vt))thl). Let I = (V,E, A) be the current
instance and I’ = (V,E, A’) the updated instance. Assume A < i;_g, where § > 0 is a constant and A is
the maximum degree of G = (V,E). Also assume dpjgmi(7,7’) = n|ln A —1InA’'| < L. Then E [Ryamil] =
o) (%), wheren =V, A is the maximum degree of graph G = (V,E).

Lemma 7.5. Consider UpdateEdge (I, I’ Xo, {vs, Xt(vt))thl). Let I = (V,E, 1) be the current instance
and I'' = (V,E’, ) the updated instance. Assume |E & E’| < L. Also assume one of the following two
conditions holds for some constant § > 0:

e 1 < AQG;EQ and Q7. C Qy, where Ag is the maximum degree of G = (V, E);

e 1 < AQGTZ and Q7 C Qj., where A is the maximum degree of G’ = (V,E’).

Then E [Rgraph] =0 (%), wheren =V, A = max{Ag, Ag'}.

Note that we call the subroutine UpdateHamiltonian for the update modifying 7 to Zniq. By Ob-
servation 7.3, the condition in Lemma 7.4 holds. We call the subroutine UpdateEdge for the update
modifying 7; to 75 and the update modifying 75 to 73. By Observation 7.3, in both two calls of Up-
dateEdge, the condition in Lemma 7.5 holds. Then Theorem 7.1 for hardcore can by proved by going
through the proof in Section 6. Compared to Lemma 6.8 and Lemma 6.11, E [Ryamil] , E [Rgraph] in

Lemma 7.4 and Lemma 7.5 are bounded by O (%) rather than O (%) This is why the hardcore
model has an alternative running time in (51).
The proofs of Lemma 7.4 and Lemma 7.5 are similar to the proofs of Lemma 6.8 and Lemma 6.11.

We give the proofs here for the completeness.
Proof of Lemma 7.4. By the definition of the indicator y; in (17), we have

A+1)|D,_ oP
Prly; =1 | D;q] <Pr[teP]+Pr [vt € Tg(Dt_l)] = % + Z PT
veV

32



By the definition of py° in (12) and dyamii (£, Z’) = n|lnA — In A’| < L, we have

Pry, = 1| Dy ] < BFVDeal | 20

By the definition of Ryamii = ZtT—1 Y:» we have

T
(53) E [Rjamil] ZE [v:] ZE [y, | Dy 1]]SZ((AH)E[I@_H]Jr@

n n
t=1

Next, we bound the expectation E [|D;|]. In our implementation of the one-step local coupling for
Hamiltonian update (Definition 6.3), we first construct the random set £ C V in (13). In the ¢-th step,
where 1 <t < T, given any X;_; and Y;_, the X; and Y; is generated as follows.
o Let X' (u) =X;—1(w) and Y'(u) = Y;_ 1(u) forallu € V \ {v;}, sample (X’(v;), Y'(v;)) € {0,1}?
jointly from the optimal coupling D pt I, of the marginal distributions p,, 7 (- | o) and p1, 7 (- |
7), where o = X, 1 (Tg(0;)) and 7 = Y, (T (v7)).
eletX,=X"andY, =Y. Ift € P, update the value of Y;(v;) using (14).
Note that Q7 = Q. Since I satisfies 1 < £=5 S with constant § > 0, by Lemma 7.2, for any feasible
Xi—1,Y—1 € QF = Qp/, we have

’ ’ 5
(54) Elpr(X,Y") | X—1,Y1] < (1 - f) pr(Xi-1,Y-1).

By Lemma 7.2, function py(-,-), seen as a function of 2n variables, is 12A-Lipschitz. Let 7 indicates
whether t € P. We flip the value of Y;(v;) only if ¥ occurs. By (54), we have

Elpr(Xe,Y:) | Xi-1,Y-1] <E [PI(X/ Y/) +12AF | X;-1, Y 1]
PI(X Y') | Xeo1, Y| + E[12AF | X1, Y1 ]

(F is independent with X;_1,Y;—1) < ( )p](Xt_l,Yt_l) + 12AE [F]
g Po
<|1-— X 1,Y_ 12A —
_( 56 )m( 1. Ye1) + Zé .
o 24A
(by (12)) (1 )pﬂxt LY+ S A= Ind
veV
24LA
(by dnamil(£,17) < L) (1 - —) pr(Xe-1,Yr1) +

Note that p7(Xo, Yp) = 0 and Xy (v) = Yp(v) = 0 for all v € V, the configurations X;, Y; are feasible for
all t > 0. Thus, we have

Elpr (X, Yy)] < (1 - %) Elpr(Xi-1,Yi1)] + 24LA.
n

Thus E [pr (X, Yy)] < %. By the up-bound to Hamming in Lemma 7.2, we have

5000LA
5

E[|D:]] <
Thus, by (53), we have

E [RHamiI] <

50000A2TL A’TL
=0 .
on on

Proof of Lemma 7.5. By the definition of Rgaph in (23) and the linearity of the expectation, we have

T T
E [Rgraph] = ZE [Yt] = ZE [E [Yt | Dt—l]] .
t=1 =1
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Recally, =1 [Ut eSu Fg(@t_l)] andv; € V isuniformly at random given 9,_;. Note that |T5(Dt_1)| <
(A+1)|D;_1| and |S| < 2|E® E’| < 2L. We have

T
A+1)|D;q|+2L A+1 2LT
55) E[Rgraph]sZE B )Pl 2)_ L )ZE (1D 1] +
Suppose A < 2 and Q7 € Q7. The other condition follows from symmetry. We claim that
10000AL
(56) VO<t<T: E[lDtHsT.

Combining (55) and (56), we have

100000ALT A2LT
< = .
E[Rgraph] - n(s O( n(s )

This proves the lemma.
We now prove (56). Let (X}, Y;);>0 be the one-step local coupling for updating edges (Definition 6.9).
We claim the following result

é 48AL
(57) YoeQrt1eQp CQr,E[pr(Xe,Y) | Xsr1 =0 AYp=71] < (1 - %) ~pr(o,7)+ ,
n n
where pr is the potential function in Lemma 7.2. Assume (57) holds. Since Xy = Yo = {0}V and

Qp € Qf, we must have X;_1,Y;_1 € Q. Taking expectation over X;_; and Y;_;, we have

(58) Elpr(X,Yy)] < (1 - %) Elps (X, 1, Ye1)] + 48AL.

Note that X = Yy, we have

59 p1(Xo,¥9) =0

Combining (58), (59) and upper-bound Hamming property in Lemma 7.2 implies
YO<t<T: E[D] <El[pr(X;Y:)] < 100(;0AL'

This proves the claim in (56).
We finish the proof by proving the claim in (57). Let (X}, Y,);>0 be the one step optimal coupling

for Gibbs sampling on instance 7 (Definition 4.2). Since I satisfies 1 < =5 by Lemma 7.2, we have
(60) Vo,7€ Qg : E[p](X’,Yt’) |X;_1:0/\Yt'_1:1'] (1—%)-p1(a,r).
According to the coupling, we can rewrite the expectation in (60) as follows:
(61) E[pr(X,Y)) | X, =0 AY,, =1]= Z [p ( € v CY)],
e

where (CX',CY') ~ Dngt' 7 Dgprt 7, is the optimal coupling between fi,, 7 (- | 0) and i, 7 (- | 7), and the

X
configuration 6% € QY is defined as

o-”‘_cz(,(u) N cX ifu=vo
o(u) ifu#o

and the configuration G ¢ QV is defined in a similar way.
Similarly, we can rewrite the expectation in (57) as follows:

1
(62) Elpr(XoY) | Xisi =0 AYy =] = = Z E [PI (oo, e )] ,
n

where (CX,CY) ~ D; T],, where D] s the local coupling defined in (21).

The following two properties hold for (61) and (62).
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e Ifv ¢ S, by the definition of DZ’T]U,(-, -) in (21), it holds that DZ,TL; = Dg";t', 7,- Hence

VogS: E [p] (UU‘_C?,T”‘_CZ/)] =E [p] (0’“—@(, T”‘_CZ)] :
e If v € S, then it holds that H(a”‘_ci(, 0”‘_05(,) < 1and H(T”‘_C{, T”‘_Cg) < 1, where H is the

Hamming distance. Since Q7 € Qy, it holds that VG ’O.w—Cff’ 0=C , G e Q 7. Since
the function ps is 12A-Lipschitz, we have

YoeS: E [p] (O'ZM_C‘)’(, T”‘_CUY)] <E [p] (0”‘_05(,, TU(_CZ/)] + 24A.
Combining above two properties with (60), (61) and (62), we have for any o €,7 € Q,
Elpr(XeY:) | Xp-1 =0 AYy = 1]

]
n veV

1 ’ ’ 1 ! !
<Z § E[p[ (O_U(—Cff,rw—cg)]_*__ E (E [p[ (o_w—Cg(,Tw—C{ )]+24A)
n n
vgS veS

Vo , , 48LA
(*) <Elpr(X,Y)|X/_,=cAY/  =1]+ .
) 48LA
< - .
< (1= g6z ) oo + 25,
where (*) holds due to |S| < 2L. This proves the claim in (57). O

Finally, we prove Lemma 7.2. This proof is based on the coupling technique in [Vig99].

Proof of Lemma 7.2. We give a potential function ps for the hard core instance 7. We mainly use
Vigoda’s potential function in [Vig99]. However, we need to slightly modify Vigoda’s potential func-
tion to handle the isolated vertices.

Recall that for hard core model, Q = {0, 1}. For any ¢ € QV, o(v) = 1 represents v is occupied and
o(v) = 0 represents v is unoccupied. For each vertex v € V, we use deg(v) to denote the degree of v
in graph G = (V, E). We divide the graph G = (V, E) into two graphs G; = (V, E1) and Ga = (V, E2)
such that

Vi={veV]|deg(v)=0}, E =02,
Vo=V \Vi, Ey;=E.
Thus G is an empty graph and G, contains no isolated vertex. The potential function py is defined as
Vo,1€ Qr:  pr(o,7) = 4p1(a(V1),7(V1)) +4p2(a(V2), 7(V2)).

Here, p; is the potential function on Gy, which is the Hamming distance:

p1(c(V1),7(V)) = > 1[0(0) # 7(0)] .
veVy
And py(c(Va), 7(V2)) is the Vigoda’s potential function [Vig99] on the graph Gy. Formally, let D =
{v € Vo | 6(v) # 7(v)}. For each v € Vp,letd, = |[D NTg,(v)|. Let c = Aﬁi? where A is the maximum
degree of graph G. Note that the maximum degree of graph Gy is also A. The potential function

p2(a(Va), 7(Vs)) is defined as

) —cd, if 3w € I's, (v) such that o(w) = 7(w) = 1
deg(v) ifoeD ' )
v = ) Bo=1-c(d, — 1) ifthereisno suchwandd, > 1
0 otherwise; '
0 otherwise;

pa(a(Va), 2(Va) = D (e + Bo).

veVy

It is easy to see pr (o, 0) = 0 and maxy ,eq, pr(0, ) = An. We then verify other properties for p7.
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At first, we prove the upper-bound to Hamming property. For function py, it holds that
p1(a(V1),7(V1)) = H(o(V1), 7(V1)).
For function ps, it holds that

po(a(Va), 7(Va) = D (@ + o) = D aw+ D Boz D, > (1-0),

veVs veD veVs veD welg, (v)
where the last inequality holds due to 3 ,cy, o = — Xyey, €dy = —¢ X ,ep deg(v). Since graph G
contains no isolated vertex, then |z, (v)| = deg(v) > 1 for all v € D. Note ¢ < 1. Thus
2 D] 1
>— ==
232 2 1H(0(V2), 7(V2)),

where 5 A2+2 > 4 is because A < 2 and A > 3. Combining together we have

p1(o,7) = 4P1(G(V1), (V1)) +4p2(0(V2),7(V2)) = H(o, 7).

This also implies pr(o,7) > 1[0 # 7].
Next, we show the function py is 12A-Lipschitz. Recall Vi N Vo =@, V; UV, =V and

p1(0,7) = 4p1(a(V1), 7(V1)) + 4p2(0(V2), 7(V2)).

Since p; is the Hamming distance, it is easy to see p; is 1-Lipschitz. To give the Lipschitz constant for
p2. We extend the function po as follows. Suppose the function ps is defined over Q"2 x Q"2, where
Q = {0,1}. Forany x, y, x’,y’ € Q"2 such that H(xy, x'y’) = 1, it is easy to verify the extended function
po satisfies

p2(a(V2),7(V2)) = |D|(1 - ¢) = [D|

lp2(x, y) — p2(x,y)| < 3A.
This implies the original function py is 3A-Lipschitz. Hence, the function ps is 12A-Lipschitz.
Finally, we prove the step-wise decay property. Let (Xt(l))tzo, (Yt(l))tzo be the Gibbs sampling
chains for hard core model on graph G;. Since G; is a graph consisting of isolated vertices, then
the one step optimal coupling (Xt( b, Yt(l)) >0 satisfies
Vo,r€Qr: E [p1 (X,E”,Y}”) | XY = o) Ay = r(vl)] < (1 - ﬁ) p1(ac(V), 7(W)).

2

Let (X(z))t>0, (Y, 2))t>0 be the Gibbs sampling chains for hard core model on graph Gs. If 1 < A;_‘; =

—2(1 9/2) then due to Vigoda’s proof ®, the one step optimal coupling (X, @) Y(Q))t>0 satisfies:
Vo,7€ Q7 : E [pz (X;Q),Yt@)) | X;E)l =o(V2) A Yt(_Qi = T(V2)] < (

96[V; |)P2(0(V2) t(V2)).

Let (X;)s»0, (Y¢)s>0 be the Gibbs sampling chains for hard core model on graph G. If 1 < %, then
the one step optimal coupling (X;, Y;);>0 satisfies:
Vo,r€Qr: Elpr (Xp,Yy) | Xem1 =0 AY1 =17]

i ((1 _ ﬁ) 4p1(a(V1), 7 (V) +4pa(a(Va), f<Vz>>)

+ anQ' (4p1(o(V1), (V1)) + (1 - L) 4p2(a(V2), T(Vz)))

96| Vs |
< (1 - %/961}) pr(o, 7).

Thus, the potential function py satisfies the step-wise decay property.

8/96
Vo,t1€Qr: Elpr (Xp,YVy) | Xpm1 =0 AY g =1] < (1_ /T)PI(U 7).

31t can be verified that in Vigoda’s proof [Vig99], the Markov chain for sampling hard core is indeed the Gibbs sampling
and the coupling for analysis is indeed the one step-optimal coupling for Gibbs sampling.
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This proves the lemma. O

8. PROOFS FOR DYNAMIC INFERENCE

8.1. Proof of the main theorem. Our dynamic inference algorithm is given as follows. For each MRF
instance I = (V, E, Q, ®), where n = |V|, our dynamic inference algorithm maintains N (n) 1ndependent
samples XD, X2 XN ¢ oV satisfying each dyv (17, X?) < e(n) and the estimator 6(I) =
S(X(l),X(z), .. .,X(N(”))) for 8(7I). Given an update that modifies 7 to 7’ = (V’,E’, Q, ') where
n’ = |V’|, our algorithm does as follows.

e Update the sample sequence. Update XV, X X(N(") to N(n’) independent random sam-
ples YD y® | yW®@) ¢ QV/ such that each drv (/1]/, Y(i)) < €(n’) and output the differ-
ence between two sample sequences.

e Update the estimator. Given the difference between two sample sequences XV, X x(N(m)
andYD, Y®  yWN®), update é(I) to é(I’) = 89(Y(1), Y® . Y(N("/))) using the black-
box algorithm in Definition 2.3.

Obviously, 6(1") is an (N, €)-estimator for 6(I”).

The sample sequence is maintained and updated by the dynamic sampling algorithm in Theorem 6.1.
By Theorem 6.1, we have the space cost for maintaining the sample sequence is O (nN(n) log n) mem-
ory words, each of O(logn) bits. By following the proof of Theorem 6.1, it is easy to verify that the

expected time cost for each update is O (AzLN(n) log® n + An).

The estimator is maintained and updated by the black-box algorithm in Definition 2.3. By Lemma 6.19,
we have N(n) < poly(n). Combining with Definition 2.3, we have the space cost for maintaining the
estimator is (n - N(n) + K)polylog(n) bits. Let D be the size of the difference between two sample
sequences as defined in (3). We can follow the proof of Theorem 6.1 to bound the expectation of D. Let

T = [% log E("n)-‘ and T’ = [% log %1 Since |n — n’| < L = o(n), we have |T — T’| = O(Llogn) (due
to Lemma 6.17). Combining (39), (45) and (7) yields
E[D] =|N(n) = N(n')| - max{n,n’} + O(L+|T —T'|) - N(n) = O(LN(n) log n),

where the last equation holds because N(n) — N(n') = O(@) (due to Lemma 6.19). Combining
with Definition 2.3, we have the expected time cost for updating the estimator is LN (n)polylog(n).

In summary, our dynamic inference algorithm maintains an estimator for the current MRF instance
7, using extra O (nN(n) +K) memory words, each of O(logn) bits, such that when 7 is updated to
I, the algorithm updates the estimator within expected time cost

E [Tcost] =E [Tsample] +E [Testimator]
=0 (AQLN(n) log®n + An) + LN (n)polylog(n)

=0 (AQLN(n) + An) .

8.2. Dynamic inference on specific models. Applying our dynamic inference algorithm on Ising
model, g-coloring and hardcore model yields the following result.

Theorem 8.1. There exist dynamic inference algorithms as stated in Theorem 3.2 with the same space cost
O (nN(n) + K), and expected time cost O (AQLN(n) + An) for each update, if the input instance I with
n vertices and the updated instance I’ withd(I,1’) < L = o(n) both are:

o Ising models with temperature § and arbitrary local fields where exp(-2|f]) = 1 - m,
e proper g-colorings withq > (2 + 5)A
e hardcore models with fugacity A <

< A 2, but with an alternative time cost for each update

0 (A3LN(n) + An) ,

where § > 0 is a constant, A = max{Ag, Ac'}, Ag and Ag denote the maximum degree of the input

graph and updated graph respectively.
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With the dynamic sampling algorithm in Theorem 7.1, Theorem 8.1 can be proved by going through
the same proof in Section 8.1.

9. CONCLUSION

In this paper we study probabilistic inference problem in a graphical model when the model itself
is changing dynamically with time. We study the non-local updates so that two consecutive graphical
models may differ everywhere as long as the total amount of their difference is bounded. This general
setting covers many typical applications. We give a sampling-based dynamic inference algorithm that
maintains an inference solution efficiently against the dynamic inputs. The algorithm significantly
improves the time cost compared to the static sampling-based inference algorithm.

Our algorithm generically reduces the dynamic inference to dynamic sampling problem. Our main
technical contribution is a dynamic Gibbs sampling algorithm that maintains random samples for
graphical models dynamically changed by non-local updates. Such technique is extendable to all single-
site dynamics. This gives us a systematic approach for transforming classic MCMC samplers on static
inputs to the sampling and inference algorithms in a dynamic setting. Our dynamic algorithms are
efficient as long as the one-step optimal coupling exhibits a step-wise decay, a key property that has
been widely used in supporting efficient MCMC sampling in the classic static setting and captured by
the Dobrushin-Shlosman condition.

Our result is the first one that shows the possibility of efficient probabilistic inference in dynamically
changing graphical models (especially when the graphical models are changed by non-local updates).
Our dynamic inference algorithm has potentials in speeding up the iterative algorithms for learning
graphical models, which deserves more theoretical and experimental research. In this paper, we focus
on discrete graphical models and sampling-based inference algorithms. Important future directions
include considering more general distributions and the dynamic algorithms based on other inference
techniques.
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